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1 Introduction and Overview

Quantum field theory and the General theory of Relativity provide us with our
best descriptions of the four fundamental forces in Nature. With the exception of
gravity, the Standard Model of particle physics has successfully quantized all other
known forces, namely the strong, weak and electromagnetic forces. Gauge fields are
of particular significance within quantum field theory, since it is their quanta — the
gauge bosons, which mediate interactions described by the Standard Model. On the
other hand, the General theory of Relativity describes gravity as curvature, resulting
from a classical, dynamical spacetime metric. The solutions of Einstein’s equations
involve curved backgrounds which have globally defined null surfaces, such as black

hole backgrounds and our observable universe.

Spectral observations of Type la supernovae [1,2] indicate that our universe is
expanding at an accelerated rate. This observation can be accounted for by the
Einstein field equations which include a positive cosmological constant A . An
accelerating universe further implies that our observations are confined to be within
a cosmological horizon. We are also aware that our universe is populated by black
holes. Several candidate binary black hole systems have been detected indirectly
using X-ray astronomy over the years [3-5]. More recently, the Laser Interferometer
Gravitational-Wave Observatory (LIGO) have detected the transient gravitational-

wave signals corresponding to the merger of inspiralling binary black hole systems |6
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10]. The gravitational wave observations of these events are completely consistent

with the properties of black holes predicted by General Relativity [11].

The outer null surface of a black hole is an example of a Killing horizon, called
the event horizon, which prevents classical observations of its interior from being
made by stationary observers outside the black hole. The cosmological horizon is
another example of a Killing horizon, which confines our observations to within
a cosmological neighbourhood of our entire universe. Thus Killing horizons are
globally defined null surfaces of the spacetime which are an effective boundary to
our observations. While the implications of spatial boundaries on field theories have
been investigated over the years, the effect of Killing horizons on field theories, and

in particular gauge theories, have not been well understood.

Spatial boundaries are relevant in the dynamics and quantization of field theories,
especially in the case of gauge fields. For example in classical electrostatics, the
potential in the presence of conducting surfaces is provided by the solution of the
Laplace equation in a space with boundaries. Equivalently, we can state that the
total charge in a region is given by the electric flux across the boundary enclosing all
the charges. Another example involves the Chern-Simons theory on a disk, where
the boundary modifies the classical dynamics and vacuum structure of the quantum
theory [12,13]. In the above examples concerning the Maxwell field, the dynamics of
the fields are subject to the Gauss law constraint of the theory. While the Gauss law
constraint is not affected by the presence of spatial boundaries, it implies that the
fields must satisfy certain boundary conditions to be consistent with the constraint.
As a consequence, this affects the gauge transformations and physical states of the

Maxwell field at the boundary.

The situation in the case of horizons is quite different. Killing horizons are causal

boundaries for stationary or static observers outside the event horizon of a black
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hole, or within a cosmological horizon. However, they are not physical boundaries
as in the case of spatial boundaries. In particular, the spacetime manifold exists well
beyond the Killing horizons. Let us consider for instance a freely falling observer
into a black hole. Classical General Relativity tells us that this observer finds
nothing special at the event horizon of a black hole, where curvature invariants of
the background are in fact well behaved. Thus components of the stress tensor,
or more specifically scalar invariants such as 7, T"" are also well behaved at the
horizons. In the case of matter field theories, we can make specific assumptions
on the behaviour of the fields at the horizon. On the other hand, we cannot a
priori impose such conditions on constrained field theories. Only gauge invariant
scalars constructed out of the fields remain finite at the horizon, while the gauge
fields themselves may remain completely arbitrary. Boundary conditions on gauge
fields can only be imposed after deriving the constraints. In particular, the gauge
parameters or their derivatives need not vanish at the horizons of the background.
This property allows for the modification of the constraints of field theories, such as
the Gauss law constraint, at the Killing horizons of the spacetime. The central aim
of this thesis is to explore these modifications and their effect on the dynamics and

quantization of gauge theories on backgrounds with one or more Killing horizons.

Dirac and independently Bergmann and collaborators developed the Hamiltonian
formulation for constrained systems [14-16], which was in particular used to in-
vestigate the dynamics and possible quantization of the gravitational field [17-21].
Building on these works, Arnowitt, Deser and Misner developed the 3 + 1 formal-
ism in terms of the shift and lapse variables [22]. This formalism was used on
the gravitational action to define the ADM mass, momentum and angular momen-
tum as surface integrals evaluated at spatial infinity. Regge and Teitelboim further

demonstrated that these surface integrals are necessary for a consistent Hamilto-
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nian formulation of General Relativity on asymptotically flat backgrounds. More
specifically, the surface integrals are a consequence of the constraints of General
Relativity [23,24]. The Dirac-Bergmann formalism has been considered for field
theories on curved backgrounds with spatial boundaries [12,25-28]. As in the case
of constrained theories on flat backgrounds, the constraints of gauge and gravita-
tional fields are not modified in the case of spatial boundaries. Any surface terms
which arise in the Hamiltonian formalism are identified with additional boundary
conditions to be imposed on the fields [27,128]. As will be argued in this thesis,
Killing horizons differ from spatial boundaries in that they modify the constraints
of field theories. Consequently, known results on black hole backgrounds could also

be modified, especially at the horizons.

Based on the conserved charges of gauge and gravitational fields on asymptotically
flat backgrounds, Wheeler conjectured that black hole horizons have no (classical)
hair |29]. This conjecture asserts that black holes can be only characterized by
their mass, charge and angular momentum, all of which are conserved quantities
associated with a Gauss law constraint. The absence of hairs on the horizons of black
holes implies that any internal configuration of a black hole, that which lies behind
the event horizon, cannot be determined from external observations. However, many
properties of black holes have been understood from the interaction of their horizons

with external fields and perturbations.

For instance, it is known that black holes in the presence of external electromag-
netic fields have an induced surface charge and current [30,31]. The horizons of
black holes also have certain mechanical properties. External gravitational fields
can tidally deform rotating black holes, which leads to the conclusion that a horizon
can also behave like a viscous fluid [32}33]. Black holes also have a mass and surface

area which always increases in any dynamical process outside the horizon [34-36].
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These results concerning the mass and area led Bekenstein to suggest that black
holes possess an entropy proportional to the surface area of the event horizon [37].
In considering quantum fields outside the event horizon of a stationary black hole,
Hawking further discovered that black holes have a temperature and will radiate a
thermal distribution of field quanta [38]. This result is a part of the correspondence
between the laws of black hole mechanics and thermodynamics, through which black
holes can be shown to satisfy all four laws of thermodynamics [39]. Damour success-
fully rewrote the equations governing the evolution of general black hole horizons in

the form of electromagnetic, mechanical and thermodynamic equations [40].

The above relations satisfied at the horizons of black holes were incorporated into
the 3 + 1 formulation of General Relativity through the membrane paradigm [41].
The dynamics of matter fields in the standard 3 4+ 1 formalism on black hole back-
grounds are often ‘frozen’ at the horizon. In addition, quantum fields around black
holes can suffer from divergences at the horizon [42]. In the membrane paradigm,
the black hole interior and horizon are replaced with a timelike physical membrane,
endowed with the known electrical, mechanical and thermodynamical properties of
horizons [43]. The properties of fields at the membrane affect observations made by
stationary observers outside the black hole within the membrane paradigm. As an
example, the driving of an accretion disk into a Kerr black holes equatorial plane has
been understood as a consequence of both the black hole’s ‘gravitomagnetic’ field
outside the membrane and the disk’s viscosity at the membrane [44]. The membrane
paradigm has also helped provide insights into the entropy and thermal atmosphere

surrounding black holes as they evaporate through Hawking radiation [45],46].

The membrane paradigm approximates the black hole horizon as a timelike sur-
face. As stated previously, my thesis will consider how the constraints of field

theories are modified by the presence of Killing horizons. Unlike spatial boundaries,
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we will find that Killing horizons provide additional contributions to the constraints
of field theories. Thus constraints from the horizon will have implications on the
conserved charges and the properties of fields at the horizons, which will differ from
the predictions for gauge fields at the membrane following the membrane paradigm.
Horizon corrections to the constraints could also be relevant in the quantum de-
scription of black holes. We recall that the radiation emitted by black holes can be
described by the renormalized expectation value of the stress-energy tensor <Tw>ren
near the horizon |46-H49]. The expectation value is determined with respect to the
vacuum state of the curved background. However, unlike Minkowski spacetime, vac-
uum states on curved backgrounds are not globally defined and modes are required
to satisfy appropriate boundary conditions at the horizon and null infinity [50-52].
While such conditions can be unambiguously applied on the modes of matter field
theories, care must be taken in the case of gauge theories. Contributions from the
horizons in the constraints have a direct implication on the gauge invariant quan-
tum state of the theory at the horizons. Furthermore, since boundary conditions
on gauge fields must respect the constraints at the horizons, they are not as freely

specifiable as in the case of matter fields.

Fields at the horizon might also be related to the entropy of black holes. For
instance, Carlip considered the constraints of General Relativity and demonstrated
that the surface algebra of diffeomorphisms at the horizons of 2 + 1 dimensional
black holes contains a Virasaro subalgebra. The central charge of the surface alge-
bra was shown to be proportional to the Bekenstein-Hawking entropy [53,/54]. An
understanding of the microstates which account for the entropy of black holes might
provide a resolution to the longstanding information paradox, which is based on
Hawking’s observation that should a black hole completely radiate away, it would

imply a loss of information and unitarity [55]. While there have been several at-
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tempts at an explanation over the decades, many of which make use of properties
of generic fields at the horizon [56-61], the paradox has remained unresolved. A re-
cently proposed resolution involves soft hairs on the horizons of black holes [62}63].
This proposal is based on relations between the symmetries at null infinity and
Weinberg’s soft theorems for gauge and gravitational fields on asymptotically flat
backgrounds [64-66]. Specifically, the soft theorems for photons and gravitons were
shown to result as the Ward identities associated with infinite-dimensional symmetry
groups at null infinity .. These involve large gauge transformations that approach
angle dependent constants at .# for abelian gauge theories and the supertranslations
of the BMS group for gravitational theories. The corresponding conserved currents
imply the existence of soft charges on the sphere at null infinity. It has been argued
that similar soft charges might exist on the horizons of black holes, implying the

presence of soft hairs which could retain information [67].

A possible description of soft charges may be realized through dressed scalar
and fermionic fields. Faddeev and Kulish extended previous results in the litera-
ture [68./69] to construct fermionic fields dressed with soft photons which provide a
non-vanishing S-matrix [70]. This is in contrast with the Fock basis S-matrix ele-
ments of quantum electrodynamics, which are known to vanish [71,/72]. The dressed
fields involved in the Faddeev-Kulish construction have been shown to be consistent
with Weinberg’s soft photon theorem and provide a realization of the soft charges
at null infinity [73]. However, the construction of dressed charges which could de-
scribe soft hairs on the horizons of black holes remains an open problem. The
Faddeev-Kulish dressing terms have also been derived for static charges of quantum
electrodynamics in flat spacetime by using the radiation gauge [74}/75] and within
the BRST formalism [76-78]. This suggests that soft charges and their physical im-

plications could be further investigated using well developed formalisms for gauge
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theories. In this thesis, we will derive the Gauss law constraint of the Maxwell
field which involves surface contributions from the horizons of the background. A
good gauge fixing choice in this case involves the radiation gauge with additional
surface terms from the horizons. We will demonstrate that this gauge modifies the
known dressing function of the fields in scalar quantum electrodynamics on flat

backgrounds.

In light of current observations, which were mentioned at the beginning of this
chapter, it is of interest to generalize known results on asymptotically flat black
hole backgrounds to black hole backgrounds with a cosmological horizon. We can
always consider a 3 4+ 1 decomposition (also known as a foliation) of spacetime into
spacelike hypersurfaces and ‘time’. On backgrounds with certain symmetries, such
as spherically symmetric and axisymmetric backgrounds, we can further consider fo-
liations where spatial sections of the horizons of the background are the boundaries
of the spacelike hypersurfaces. One proven way to investigate the dynamics and
charges of gauge theories on foliated backgrounds is through the constrained Hamil-
tonian formulation of field theories. The significant difference in the treatment of
constrained field theories on backgrounds with spatial boundaries and those which

will be considered in my thesis involves the nature of the boundary.

While boundary conditions ensure the regularity of the fields at the boundary
of a manifold, they are restrictive for gauge fields in general. Any value ascribed
to gauge fields can be altered by gauge transformations. Boundary conditions can
be chosen as a gauge fixing choice. However, such conditions should be chosen
only after a determination of the constraints of the theory. The Dirac-Bergmann
formalism on field theories also requires the evaluation of Poisson brackets involving
smeared constraints. The smearing functions are in the same space as the parameters

of gauge transformations and in the dual space of the constraints which generate
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gauge transformations. With spatial boundaries, either the smearing function or
their derivatives vanish at the boundary to ensure the regularity of the fields there.
Killing horizons on the other hand are globally defined null surfaces located within
a given manifold. The smearing functions and gauge fields at the horizons can
be completely arbitrary, so long as gauge invariant scalars constructed from the
fields are finite. As a consequence of smearing functions which do not vanish at
the horizons, we will demonstrate that the constraints of gauge theories can involve
surface modifications due to the horizons of curved backgrounds. Such modifications

will further affect the dynamics and observed charges of constrained field theories.

We will review the Dirac-Bergmann formalism for constrained field theories on
general curved backgrounds in the next chapter, following the classic treatment
provided in [16],[79-82]. Our review will set up the covariant notation and frame-
work which will be adopted in subsequent chapters of the thesis. The formalism as
described in this chapter will be applicable to any foliated curved background in-
volving spatial hypersurfaces on which the Hamiltonian is defined. The review will
also consider Grassmannian fields, which allows for the treatment of both bosonic
or fermionic variables. This will be particularly relevant in the final chapter of this
thesis on the Hamiltonian BRST formalism, in which the BRST charge and the

ghosts have odd Grassmann parity .

In Chapter 3, we will consider the Dirac-Bergmann formalism on spherically sym-
metric spacetimes with one or more horizons [83|. The foliation is carried out with
respect to the timelike Killing vector field of the spacetime, whose norm vanishes on
the horizons of the background. This leads to spatial hypersurfaces whose bound-
aries correspond to spatial sections of the horizons of the spacetime. As examples, we
will consider the Maxwell and Abelian Higgs fields. In the case of both field theories,

we demonstrate that the Gauss law constraint involves additional surface contribu-



1 Introduction and Overview

tions from the horizons of the spacetime. The surface terms in the constraints lead
to gauge transformations of the fields which retain their usual form. These surface
contributions due to the horizons however do affect the observed charge. The gauge
fixing of the theory can also be chosen to include surface terms at the horizons. We
will see that in some cases, such surface terms are necessary to ensure that the gauge

has been appropriately fixed at the horizons.

The integration of the Gauss law constraint provides an expression for the charge.
By integrating the Gauss law constraint of the Maxwell field over a volume out-
side the black hole horizon and within the cosmological horizon, we find the usual
expression for the electric flux across the outer boundary of the volume, which is
a closed spatial surface. However, we also demonstrate that the surface term in
the constraint causes the electric flux to vanish across the horizons. This suggests
the interpretation that equal and opposite charges are present on either side of the
horizon, with the charges behind the horizon screened for an external observer. In
the case of the Abelian Higgs field, we find a similar result — a non-vanishing electric
flux outside the horizon and a vanishing flux across the horizon. This result holds
for the Higgs field in the false vaccuum on black hole de Sitter backgrounds, where

an electric flux is present in the background.

We derive the Dirac brackets in the radiation gauge for the Maxwell field and the
unitary gauge for the Abelian Higgs field. These brackets are the covariant gener-
alizations of those known in flat spacetime [80]. The modified Gauss law constraint
however allows us to consider more general gauge fixing conditions. We consider
this possibility in the case of the Maxwell field. The radiation gauge is modified
to include an additional surface term analogous to that present in the Gauss law.
In this case, the Dirac bracket involves the Green function of the spatial Laplacian

of the hypersurface. We consider the limit of the radiation gauge Dirac brackets

10
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about the Schwarzschild background when any one of its arguments is evaluated at
the horizon. While the usual radiation gauge Dirac bracket reduces to the Pois-
son bracket in this limit, the modified radiation gauge Dirac bracket involves an

additional non-vanishing contribution from the horizon [84].

In Chapter 4, we will consider the Dirac-Bergmann formulation on Kerr back-
grounds with one or more horizons [85]. The foliation is carried out with respect to
a timelike combination of the temporal and axial Killing vector fields of the back-
ground. While this vector coincides with the Killing vector field of the background
at the horizons, it is not Killing for all other points on the spacetime. This leads to
certain subtleties involved in the Hamiltonian formulation on Kerr backgrounds in
comparison with the spherically symmetric case, which is discussed at length. The
Gauss law constraint of the Maxwell field involves additional surface contributions
from the horizons, similar to the case of spherically symmetric backgrounds. We
derive the Dirac brackets of the theory in the axial gauge. These brackets involve
specific functions, whose solutions on the asymptotically flat Kerr background is

provided in the Appendix.

The results of Chapter 3 motivated us to consider the Hamiltonian BRST for-
malism on spherically symmetric backgrounds with horizons in Chapter 5 [86]. The
BRST formalism in particular can be used to investigate the physical observables
and quantization of the theory. We first describe the formalism and the extended
phase space involved for all theories of the Yang-Mills type, i.e. theories whose first-
class constraints satisfy a Lie algebra. The conventions we adopt provide the usual
covariant action in the absence of any horizon contributions in the constraints and
gauge fixing terms. We then consider the specific examples of the Yang-Mills field
and scalar electrodynamics. By using the Dirac-Bergmann formalism, we find that

the Gauss law constraints in these theories also involve surface contributions from

11
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the horizons of the background. We then introduce the ghosts and their momenta
in the extended phase space and define the BRST charge. The inclusion of surface
terms at the horizons in the gauge fixing function is shown to provide effective ghost

and gauge fixing actions with surface integrals at the horizons.

We investigate the renormalizability in the case of the Yang-Mills field. Specifi-
cally, we are interested in the possible effect of the additional surface integrals at the
horizons on the renormalizability of the theory. We first use the Zinn-Justin equa-
tion to demonstrate that the renormalized BRST transformations take the same
form as the known BRST transformations of the Yang-Mills field. We then consider
the invariance of an effective action under the renormalized BRST transformations.
The bulk contribution to the effective action of the Yang-Mills field is assumed to
have a similar form as that derived using the Hamiltonian BRST formalism. The
effective action also includes all possible surface integrals which involve the ghosts
and the conjugate momentum of the Lagrange multiplier. We find that an effective

action which includes these surface integrals at the horizons is renormalizable.

In the case of scalar electrodynamics, we consider the effect of surface contribu-
tions on the physical charges of the theory. Within the Hamiltonian BRST formal-
ism, we can construct a co-BRST charge — a gauge fixing fermion which is also a
nilpotent operator. We use the co-BRST charge to identify the dressed scalar fields
of the theory which are both BRST and co-BRST invariant. When surface terms
are present in the gauge fixing function, we demonstrate that the dressing involves
additional surface contributions from the horizons of the background. This provides
a generalization of the dressing function of static charges in flat spacetime [74,/75]

to spherically symmetric backgrounds which involve one or more horizons.

We summarize the results of the previous chapters and some future directions

worth exploring in the conclusion of the thesis.

12



2 The Dirac-Bergmann formalism on

foliated backgrounds

In the case of certain dynamical systems, it may not be possible to solve for all the
velocities of the theory in terms of their canonically conjugate momenta. In such
theories, the Legendre transform of the Lagrangian to the Hamiltonian is singular
and the dynamics of the theory is said to be constrained. The canonical formulation
required to treat constrained theories was originally developed by Dirac |14}|16] and
independently by Bergmann and collaborators |15] in flat spacetime. The Dirac-
Bergmann formalism allows for a systematic derivation of all the constraints of the
theory. As the constraints involve relations among the phase space variables, this
leads to a Hamiltonian formulation of the theory on a reduced subspace in phase
space called the constrained subspace. The constraints of the theory may be either
first-class or second-class. Within the canonical framework, gauge transformations
are generated by the first-class constraints of the theory. The canonical Hamiltonian
evolves a given initial configuration of the fields into a class of final configurations,
all of which are related to one another by gauge transformations. To ensure that
the dynamical evolution is uniquely defined, we can either ‘solve’ the first class
constraints, or more systematically, introduce additional constraints in the theory

to ‘fix’ a gauge.

13
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Unlike first-class constraints, second-class constraints are not associated with any
gauge transformations of the theory. While the Poisson brackets of first-class con-
straints define an algebra in phase space, the Poisson brackets of second-class con-
straints do not and need to be consistently eliminated from the theory. This is
achieved through the definition of a modified Poisson bracket, called the Dirac
bracket, which vanishes when any one of its arguments is a second-class constraint.
The Dirac brackets define a new algebra in phase space and are particularly im-
portant in the context of gauge fixed theories. Gauge fixing introduces additional
constraints which have non-vanishing Poisson brackets with the existing first-class
constraints of the theory. The resulting constraints are all second-class and it is the

Dirac brackets which define the dynamics of the gauge fixed theory.

In the following sections, I will review the Dirac-Bergmann formalism for field the-
ories following many of the classic references on the subject [79-82]. The treatment
will be considered on foliated backgrounds, which will help set up the conventions
for subsequent chapters of my thesis. Beginning with the next section, the Hamilto-
nian formulation for theories which involve Grassmannian fields will be considered
on spatial hypersurfaces resulting from a foliation of general curved backgrounds. I
will then provide the covariant definitions for the canonical Hamiltonian and Pois-
son brackets on these spatial hypersurfaces. The review of the Dirac-Bergmann
formalism for constrained field theories will then be provided using the definitions
introduced for foliated backgrounds. The review will consider topics relevant to this
thesis, which include the derivation of the constraints, properties of first-class and
second-class constraints and the construction of Dirac brackets. Further details of

constrained field theories can be found in the above listed references on the subject.

14
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2.1 Hamiltonian formulation for general field theories

Let us consider the action functional for N fields &4 (A = 1,---,N) and their

derivatives defined on a Lorentzian spacetime manifold M
Sial = [ vy £(®ate)). 2.1)

where dV; and £ refer to the covariant volume element and Lagrangian density,
respectively. We assume that our spacetime manifold can be expressed as M = ¥ x
R, with ‘time’ along R and ¥ as constant time spatial hypersurfaces. This foliation
will be particularly relevant in later chapters where we will consider spherically
symmetric and axially symmetric backgrounds, both of which involve Killing vector
fields that admit such a foliation. The spacetime metric g, can be written in terms
of a spatial metric hy, of the hypersurface ¥ and a unit timelike normal w, to the

hypersurfaces, such that

Gab = hab — UgUp (22)
where u%u, = —1. We can also define the projection operator h? as
hY = 60 4+ ulu,, (2.3)

where 6% is the Kronecker delta function. Any spacetime tensor can be projected
onto the hypersurface ¥ using the projection operator given in Eq. (2.3). Time
derivatives of the fields ® 4 are defined as the Lie derivative with respect to some
time evolution vector t* of the background. This vector can have both spatial and
temporal components, i.e. t* = Nu® 4+ N® where N = —t%u, is called the lapse
and N = t°h is called the shift of the time evolution vector t¢ [87]. Using dV,
to denote the covariant volume element of the hypersurface ¥, we can express the

action in Eq. (2.1]) in the following way

15
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S[d,] = /dtL[ch,qu] = /dt/de L(Da(z),Da), (2.4)

where L and L respectively denote the Lagrangian and the Lagrangian density

following the foliation and are related by

LDy, da] = / AV, L(®4(x), D a(2)). (2.5)

We note that dV; = NdtdV,, where N as before refers to the lapse function. Thus
the projection of the action actually produces N L for some Lagrangian density L.

In Eq. 1} we have denoted NL as £ in the definition of the Lagrangian.

Subsequent chapters of this thesis will concern foliated backgrounds whose space-
like hypersurfaces > have a boundary 0% corresponding to spatial sections of the
horizons of the background. This cannot be defined generally and requires the
consideration of spacetime backgrounds which possess certain symmetries and in
particular timelike Killing vector fields. In this thesis, spherically symmetric back-
grounds will be considered in Chapters 3 and 5, while a certain class of axisymmetric

backgrounds will be considered in Chapter 4, where such foliations can be defined.

We will also let the fields be either bosonic or fermionic. Thus the fields in
general belong to a Grassmann algebra. These fields can be assigned either an even
or odd Grassmann parity. Denoting the parity by €, we say that the field &, is
even when e, = 0 (mod 2) and that it is odd when €5, = 1 (mod 2). Lagrangians
and Hamiltonians will always be an even functional of the fields. Because parity
is additive for composite fields, given any two functionals of the fields F'(®4) and
G(®4), we have

FG = (—1)F¢GF. (2.6)

Due to the presence of odd Grassmanian fields, the variations and derivatives have
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2 The Dirac-Bergmann formalism on foliated backgrounds

to be handled carefuly. The variation of a functional F(®4) of a field &4 can be

written in two possible ways

oL F opF

either E’ or E,

(2.7)

o
where —— and — denote the left functional derivative and right functional deriva-
0P 4 0D 4 5
tive with respect to ® 4, respectively. The left functional derivative ﬁ
A
tails that we vary F'in Eq. (2.7]) with respect to ® 4, with §® 4 moved to the extreme

simply en-

4]
left and then deleted. Likewise 6% in Eq. (2.7) means that we vary F’ with respect
A

to @4, with 094 moved to the extreme right and then deleted. These variations
are identical when the field ® 4 is even. In the following, functional variations and
derivatives which are left unspecified will always be taken to mean ‘left’. With these

definitions at hand, we can now consider the momenta II4 canonically conjugate to

the fields ® 4. These are defined by
oL
HA - < (28)
0P 4
where the functional derivative in this definition is taken on the hypersurface X, i.e.
it is an ‘equal-time’ functional derivative
0P A(Z,t 6D 4 (T, t
—A(ai’ ) =65 0(x,y) = ——2 A(ﬁ’ ) .
5(133(% t) 5@3(% t)
We will sometimes refer to the spacetime coordinates = as x = (Z,t), as in Eq. (2.9).

The 6(z,y) in Eq. (2.9) is the covariant three-dimensional delta function on ¥ which

(2.9)

satisfies

[ v o0 = @, 210
)
for any well behaved function f defined on 3. Using the Lagrangian L of Eq. (2.5)),

we can construct the canonical Hamiltonian through the Legendre transform

He = /dvx (I11d,) — L. (2.11)

P
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2 The Dirac-Bergmann formalism on foliated backgrounds

The repeated indices in Eq. (2.11)) and throughout the thesis will imply the sum over
all values of the index, in accordance with the summation convention. The canonical
Hamiltonian is defined in a 2N infinite-dimensional phase space. To describe the

dynamics of fields in phase space, we require the definition of Poisson brackets.

The graded Poisson bracket for two functionals of the canonical variables F (CD As HA)

and G ((DA, HA) will be defined as

SuF 6.G nF 6,
F.Glp = / dv: (5¢A(z) STIA(z) ~ STIA(2) 5(I>A(z)) ' (2.12)

Given three functionals of the canonical variables, F' (@ A,HA), G (q) A,HA) and

H (@ As HA), the graded Poisson bracket satisfy the following useful relations

[Fv G]P = (_1>6F6G+1 [GvF]P )
[Fv GH]P = [Fv G}PH"F (_1)€FEGG [Fv H]P )

[F.Glp H]p + (1)t (G, H]p, Flp, + (=) [H, F], G, =0,

P

€([F,Glp) =€r +ec. (2.13)

The first and last equations of Eq. tells us that the graded Poisson bracket
represents the commutator or anticommutator in the case of even or odd Grassman-
nian fields, respectively. The second equality of Eq. refers to the linearity
of the graded Poisson bracket, while the third equality is the Jacobi identity. For
simplicity, we will henceforth refer to the graded Poisson bracket simply as Poisson
brackets.

With the choice of F' = I1%(7,t) and G = ®4(,t) in Eq. (2.12)), we recover the

canonical relation between the fields and their momenta

[I1P(Z,t), ®4(i].1)] , = —056(x,y) - (2.14)
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2 The Dirac-Bergmann formalism on foliated backgrounds

The time evolution of any functional of the fields is determined from its Poisson

bracket with the Hamiltonian

F=[F He|p . (2.15)

The Hamiltonian formulation given above is incomplete when the mapping from
velocities to momenta given in Eq. cannot be used to solve for all the velocities
in terms of their canonically conjugate momenta. The Hamiltonian in such theories
can be constructed through the Dirac-Bergmann formalism, which will be reviewed

in the following section.

2.2 Constrained Field Theories

The Hamiltonian in Eq. provides a complete description of the dynamics of
the system only if all velocities of the theory uniquely map into the momenta. The
momenta defined in Eq. fail to be independent in systems where the following
matrix, called the Hessian, is degenerate

AB — .‘SQ—L. : (2.16)

0P,0Pp

The Lagrangian of such theories is said to be singular and the theory possesses
constraints involving the velocities and momenta of the theory. Some of these con-
straints which follow directly from the Lagrangian of the theory can be deduced

from the nullity of the Hessian and are called primary constraints. Assuming then

that there are M primary constraints, we denote them by
Po(®a(z), T (2))~0, m=1,---,M; M <2N. (2.17)

The constraints are satisfied on a 2N — M infinite-dimensional subspace of phase

space, which we will call the ‘constraint subspace’. The symbol ~ in Eq. (2.17)
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2 The Dirac-Bergmann formalism on foliated backgrounds

stands for ‘weakly equal’, meaning ‘equal on the constraint subspace’. In other
words, two quantities on the phase space are weakly equal only if they differ by a
linear combination of the constraints. While the constraints vanish on the subspace,
their variations need not. Thus in particular, Poisson brackets must first be eval-
uated before setting the constraints to vanish. An equality is said to be strongly

equal if it holds throughout phase space and not just on the constraint subspace.

The Dirac-Bergmann formalism provides a step-by-step procedure to determine
all the constraints of the theory. We first include the constraints in Eq. (2.17) to
the canonical Hamiltonian given in Eq. (2.11]) and define

H= /dvx (I'® 4 +v™P,,) — L ~ He, (2.18)

where the v™ denote Lagrange multipliers, which are arbitrary functions of the
canonical variables and coordinates. Consistency requires that these constraints be

respected in time, i.e.

Py = [Pm,ﬁ] ~0. (2.19)
P

This may be satisfied in broadly one of two ways. If [Pm, H ] » is a linear combination
of existing constraints, P,, ~ 0 automatically. If the Poisson bracket does not
vanish, the requirement that [Pm, FI]P ~ (0 either leads to conditions which the
Lagrange multipliers v™ must satisfy weakly, or to new constraints QF . These new
constraints are now added to the Hamiltonian in Eq. with their own Lagrange
multipliers and the constraint subspace is further restricted by vanishing QF. We
now need to ensure that Q¥ ~ 0. The process just described is repeated until no
further constraints result. The final Hamiltonian so derived will be called the total
Hamiltonian, which we will denote as Hy. At the end of the process, let there
be P =1,---P < 2N — M constraints (Qp derived by requiring the consistency

condition. These are called the secondary constraints of the theory.
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2 The Dirac-Bergmann formalism on foliated backgrounds

Let us suppose that there are a total of K (< 2N) constraints at the end of this
procedure. Within the Hamiltonian formalism it is meaningful to classify these
not as primary and secondary constraints, but rather as first-class and second-class
constraints. A dynamical function is called first-class if it has weakly vanishing
Poisson brackets with all the constraints of the theory, else the function is second-
class. In particular, constraints which have weakly vanishing Poisson brackets with
all other constraints are first-class constraints. Let us thus suppose that the K
constraints are comprised of [ first-class constraints, €2,;a,b,---=1,--- , I, and J
second-class constraints S, ;af3,--- = 1,---,J. We will also assume that we can
identify that part of the Hamiltonian which is independent of the constraints, which

we denote by Hy. Then the total Hamiltonian Hy can be expressed as

HT = /d‘/z (HO + UaQa + UaSa) . (220)
by

2.2.1 Second-Class Constraints and Dirac brackets

It follows from the definition of second-class functions that the Poisson bracket of
the second-class constraints among themselves do not weakly vanish. Hence trans-
formations generated by second-class constraints could map physical configurations
of the fields to unphysical ones. The elimination of these constraints can be achieved

through the construction of Dirac brackets, which are defined as
PGl = [P Gl [dV. [V [F5u(0))p Cod(ew) [S5(0). Gl (22)
b )

where C’;é is the inverse of the matrix built from the Poisson brackets of second-class

constraints

Cap(,y) = [Sa(®), Sp(y)]p - (2.22)
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2 The Dirac-Bergmann formalism on foliated backgrounds

The Dirac brackets satisfy the relations given in Eq. , if the Poisson brackets
are replaced by Dirac brackets. Further, the Dirac brackets vanish, by construction,
should any of its arguments be a second-class constraint, i.e. [S,, A], = 0, with
A denoting any functional of the fields. After implementing the Dirac brackets we
can thus set the second-class constraints to vanish. As a result, the theory now
comprises of a total Hamiltonian which do not involve the second-class constraints,

whose dynamics are governed by Dirac brackets.

2.2.2 First-Class Constraints and Gauge Fixing

An important property of first-class functions is that they preserve the Poisson
bracket structure. Let ' and GG denote two first-class functions and V; ;i, 5, k, - -+ =
1, .-+ K denote all the constraints of the theory. The first-class property implies that
the Poisson brackets [F', W], and |G, U], can be expressed as a linear combination
of the constraints W;. It then follows from the Jacobi identity that [F',G]p , Vi,
is also a linear combination of the constraints, and therefore weakly vanishes. Thus
the Poisson bracket of two first-class functions is also first-class and preserves all the

existing constraints of the theory.

The first-class constraints in addition generate gauge transformations. For sim-
plicity, let us assume that all the constraints appearing in the total Hamiltonian of
Eq. (2.20) involve only first-class constraints. Then the variation of an arbitrary

functional B of the fields in a time interval dt is given by
0B =6t ([B,Holp+v"[B,QWlp) (2.23)

However, the multipliers have an arbitrary dependence on the phase space variables,
as well as time. By assuming that the values of the multipliers at the initial and final

times are v* and v'* respectively, we see that the difference in the time evolution of
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2 The Dirac-Bergmann formalism on foliated backgrounds

the functional B due to the variation of the multipliers is given by
AB = Av* [B, Q] p , (2.24)

where Av® = §t(v* — v"*). Since Hamilton’s equations fully determine the final
configuration of the system for any given initial configuration, the variation in
Eq. must be physically irrelevant. Thus the infinitesimal contact transfor-
mation in Eq. represents a gauge transformation generated by Av?(),, i.e.

the first-class constraints of the theory.

2.3 Discussion

Following the elimination of second-class constraints, it is also desirable to further
eliminate the first-class constraints and thereby the gauge redundancy of the the-
ory completely. One approach involves solving the first-class constraints directly,
thereby reducing the number of independent phase space variables. A more sys-
tematic approach is based on the introduction of ‘gauge-fixing’ constraints, which
are not derived from either the Lagrangian or the Hamiltonian, but which have
non-vanishing Poisson brackets with the first-class constraints. In this manner, each
first-class constraint is replaced by two second-class constraints. These constraints

can now be eliminated by constructing the Dirac brackets of the gauge fixed theory.

However, this approach works insofar as Dirac brackets can be defined. General
constrained systems may provide a matrix of the Poisson brackets of second-class
constraints whose inverse cannot be exactly determined. For example, in the case of
the Yang-Mills field, the inverse of the matrix needed to define the Dirac brackets can
only be solved perturbatively. The resulting field dependence in the Dirac brackets

obstructs the usual canonical quantization of the theory [81]. In such cases, the
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2 The Dirac-Bergmann formalism on foliated backgrounds

Hamiltonian BRST formalism for constrained theories can prove useful [79]. Aspects
of the Hamiltonian BRST formalism relevant to this thesis and its formulation on

spherically symmetric backgrounds with horizons will be considered in Chapter 5.
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3 Constrained dynamics on

spherically symmetric backgrounds

In this chapter, I will apply the Dirac-Bergmann formalism to field theories on static,
spherically symmetric black hole backgrounds, which may either be asymptotically
flat or possess a cosmological horizon. These spacetimes are endowed with a timelike
Killing vector field, whose norm vanishes on the horizons of the background. This
allows us to consider spatial hypersurfaces with boundaries corresponding to the
spatial sections of the horizon(s) of the spacetime. By considering the time evolution
with respect to the Killing vector field, the background and the horizons are fixed
while the fields defined on them evolve in time. The first section of this chapter
describes the foliation of the spacetime and the definition of time derivatives, which

will be used to investigate the Hamiltonian dynamics of field theories.

The constraints of field theories often involve the derivatives of fields. Thus the
presence of boundaries on the hypersurface could modify the constraints. Since the
constraints are also specific to a given theory, we will consider the effect of horizons
on the constraints through two examples — the Maxwell field and the Abelian Higgs
model. In both cases, we find that the Gauss law constraint now involve additional
surface terms due to the horizons of the spacetime. The modified Gauss law con-

straint leads to certain implications on the observed charge. We first show that any
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3 Constrained dynamics on spherically symmetric backgrounds

surface whose radius is greater than the black hole horizon has a non-vanishing flux
through it, thereby enclosing a non-vanishing charge. We however also demonstrate
that this flux vanishes in taking the limit of this surface to the event horizon of
the black hole. This suggests that a black hole horizon might act as a dipole layer,
comprising of opposite charges on either side of the horizon. While the charges on
one side of the horizon are screened for an external observer, this is not the case for

an observer exactly at the horizon.

We will also consider the gauge transformations and gauge fixing of the theory
in light of the modified constraints. We will find that the gauge transformations
of both the Maxwell field and the Abelian Higgs model take the same form as on
curved backgrounds without boundaries. We then adopt the usual radiation gauge
for the Maxwell field and the unitary gauge for the Abelian Higgs field. This leads
to covariant extensions of the known Dirac brackets for these theories. When the
radiation gauge is adopted for the Maxwell field, the Dirac brackets involve the
Green function for the spacetime Laplacian operator. Using the expression for this
Green function on the Schwarzschild background, we show that the Dirac bracket
reduces to the Poisson bracket when any one of its arguments is considered at the
event horizon. We have also considered a modified radiation gauge involving an
additional surface term, which serves to fix the fields at the horizon. In this case,
the resulting Dirac brackets involve the Green function for the spatial Laplacian of
the hypersurface. The expression of this Green function about the Schwarzschild
background has been derived in the appendix of this chapter. Using this expression,
we show that the Dirac brackets in the radiation gauge which involves surface terms
at the horizon of a Schwarzschild black hole, remain distinct from Poisson brackets

when any one of its arguments is evaluated at the horizon.
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3 Constrained dynamics on spherically symmetric backgrounds

3.1 Foliation of the background

We will consider static, spherically symmetric, torsion-free spacetimes endowed with

at least one horizon. Thus there exists a timelike Killing vector field £ satisfying
V(a&,) =0, (3.1)

which is normalized such that \? = —£2€,, with A = 0 at the horizons. This Killing

vector satisfies the Frobenius theorem and hence

g[avbgc} =0. (32)

It follows that there exists a one-parameter family of integrable, spacelike hyper-
surfaces > which are everywhere orthogonal to £*. The background may have one
or more Killing horizons, which are surfaces where A\ = 0. Spatial sections of the
Killing horizons ‘H are submanifolds of . Thus the region of spacetime under con-
sideration is H U £ U ¢, where v¢ represents the timelike orbits of £*. For an
asymptotically flat or anti-de Sitter spacetime, this represents the region ‘outside
the horizon’. For spacetimes with a positive cosmological constant, for example a
static de Sitter black hole spacetime, the region under consideration is ‘between the

horizons’. The induced metric on Y is given by
hab = gab + A 20y - (3.3)
From Eq. , it also follows that the determinant of the spacetime metric satisfies
V=g =AVh. (3.4)

The spatial sections of the Killing horizons H of the background are closed, spher-
ically symmetric surfaces. As these surfaces are submanifolds of 3, the induced

metric on H can be written as

Oab = hab — NNy (35)
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3 Constrained dynamics on spherically symmetric backgrounds

where n® is a unit spatial normal, n,n* = 1, which points in the direction of increas-
ing time.
We can define the projection operator hy

hy = 05 + A7, (3.6)

which projects spacetime tensors onto the spatial hypersurface 3. We also define a

covariant derivative D, compatible with the metric hg;, of the hypersurface 3
Dy=hVy 3 Dyhpe =0. (3.7)
Using Eq. , we have by definition the following projection on X
o WAL WPTE S = 1o,
heRe - RbRL - RPN, T = Dateh (3.8)
where V, is the spacetime covariant derivative, 7% ? represents a spacetime tensor

and %% denotes its projection on . The projected tensors in Eq. (3.8) are denoted

with lowercase alphabets, which will be the convention followed in this thesis.

The time evolution of the fields will be generated by the Lie derivative with respect

to the timelike Killing vector field £¢

Tob = £ (3.9)
Since Legay = 0 = £££%, it follows that £¢hg, = 0. Thus time evolution and the
projection of tensors can be performed on any spacetime tensor in any order.

We will now consider the projection of a given action, which will be needed to
define the canonical Hamiltonian. Let ¥4, A = 1,--- N, define fields on the space-
time. The action involving the fields and their derivatives is given by the volume

integral of the Lagrangian density over the spacetime manifold M

S = / AVE L(T4(z), Vol a(2)). (3.10)
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3 Constrained dynamics on spherically symmetric backgrounds

From Eq. (3.4)), the covariant volume element can be expressed as dV;* = \(x)dtdV.
Denoting the projection of the fields ¥4 by ®4, we can then always determine the

projected action

S= / dt / AV A@)L(®a(2), Da® a(2), £D4(x))

by

= /dt L(®4(x), Da®a(z), £ePa(x)), (3.11)

where we have defined the Lagrangian L as the volume integral of the Lagrangian
density over X in Eq. (3.11)). The treatment now follows Chapter 2, with the foliation

of the background as defined above. The definition of the momenta are now as given

in Eq.
= oL (3.12)
0P 4
As in Eq. (2.9), Eq. involves an ‘equal-time’ functional derivative on the
hypersurface, which satisfies
6D (T, t)

— S =50 3.13
5(1)3(@»’ t) A (fL’,y) ) ( )
where the §(z,y) is the covariant delta function on ¥ defined in Eq. (2.10) which

satisfies

[ v st 50 = 1@ (3.14)

3

The momenta in Eq. (3.12) define the canonical Hamiltonian through the Legendre
transform

He = /dvx e, — L. (3.15)
by

The Dirac-Bergmann formalism can now be carried out exactly as described in the

previous chapter. However, as mentioned in the introduction of this chapter, we
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3 Constrained dynamics on spherically symmetric backgrounds

expect that the ‘boundaries’ of the hypersurface (corresponding to the horizons of
the spacetime) could affect the constraints of field theories known in the absence of
boundaries. In the next sections, we will consider the Maxwell field and the Abelian
Higgs model, where we will investigate the effect of the horizons of the background

on these theories.

3.2 The Maxwell field

The covariant action for the Maxwell field is given by
SEM = /d‘/f (_%Fachd‘gacgbd) ) (316)

where F,, = 0,4, — O,A, and dV, is the four-dimensional volume form on the
manifold M = ¥ x R. Using dV; = AdtdV, and defining a, = hjA,, ¢ = A",
g = —A1ECF  and fu = h;thcd, we find the following projected action

Sem = —/dt/de% (fabf™ — 2e4e") = /dt L - (3.17)
P

From Eq. (3.9)), the time derivative of the field A, can be expressed as

Ab = £§Ab = favaAb + Aavaga
— £ Fyp + Va( A€ (3.18)

By projecting this expression, we find
db = —/\eb + Dbgb . (319)

Since the velocity term £¢¢ does not appear in the electromagnetic Lagrangian
Eq. (3.17)), it implies that the momentum conjugate to ¢ vanishes and is a constraint

of the theory

L
OLem _ oo _ . (3.20)

09
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3 Constrained dynamics on spherically symmetric backgrounds

The momenta corresponding to a; are given by

5L

b EM b

= = —e . 3.21
56 ( )

The canonical Hamiltonian now follows from the Legendre transform

He = / AV, (w"a,) — L
by

1 1
= /d‘/;: ()\ (§7Tb77b + Zfabfab) + ﬂbqub) . (322)
b
We add the primary constraint to Eq. 1) to define a new Hamiltonian H
Fy L, 1 ab b ¢
H= [dV, [\ 5T T + Zfabf + 1Dy + vym? ) (3.23)
by

where vy is a Lagrange multiplier. The canonical Poisson brackets of the theory are
given by

[6(2), 7 ()] p = 6(x,y)
(a0 (), 7" (9)] = God (2, y) , (3.24)

where the covariant delta function 0(z,y) satisfies Eq. (3.14)).

3.2.1 The Dirac-Bergmann formalism

We will now apply the Dirac-Bergmann formalism to determine all the constraints
of the theory. In order to find any additional constraints, we need to ensure that the
existing constraints are satisfied at all times. Since the constraints are distribution-
valued functions of phase space, we will require the use of smearing (test) functions to

evaluate the Poisson bracket. We thus introduce a non-dynamical smearing function
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3 Constrained dynamics on spherically symmetric backgrounds

€, using which we will calculate er® = |:67T¢, H ] . This Poisson bracket is calculated
P

as follows

[ et = [ et [0, 7],

P 2

_ /dVe / ()

by

— j{day ™(y) + /Ve (Din ()). (3.25)

% D
In deriving this result, we have used the canonical Poisson brackets given in Eq. (3.24))
and an integration by parts. The smearing function e is assumed to be well behaved,
but we make no further assumption regarding its properties. In particular we do

not assume that e or its derivatives vanish on the horizons of the background.

The surface integral in Eq. is to be considered as a sum over all the surfaces
on the background. Thus, for black hole backgrounds with a cosmological horizon,
there are in fact two surface integrals. The unit normal n® would then denote the
outward pointing normal at the black hole horizon and the inward pointing normal
at the cosmological horizon. The area element at the horizons is finite and we have
already assumed that € is finite there. By using the Schwarz inequality, we find that

the remaining terms in the surface integrand are also finite

Inem®| < V/ngn?| |mym®] . (3.26)

In this expression, nyn® = 1 by definition since ny is the unit spatial normal to the
horizon, and m7® = e,e’ appears in the energy momentum tensor (more precisely
in invariant scalars such as T%T,;), and therefore is finite at the horizon. Thus the
integral over 0X is finite and provides a non-vanishing contribution from the horizons

to the constraint. Thus Eq. (3.25) provides the following integrated expression for
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3 Constrained dynamics on spherically symmetric backgrounds

the smeared constraint

[ v caty) = - fdu,conin) + [avewpiee). G20

b (X)) by

Apart from the smearing function, the integrand in Eq. (3.27)) can be written as the

following constraint comprising of a bulk and a surface term
Oy = —mr’| + Dy’ = 0. (3.28)
H

The ‘|3’ denotes the surface term contribution from the horizon(s). Eq.
represents an expression which must always be smeared and integrated. By using a
smearing function € which is regular at the horizons, the integration of Eq. is
as given in Eq. .

We will now show that there are no further constraints resulting from €y = 0.

We first include the new constraint with a multiplier into the existing Hamiltonian
given in Eq. (3.23]), which gives us
Hp = H + /dVZE v Dy’ — J(I{dax vinpml. (3.29)
5 )

0, now follows by evaluating the Poisson bracket of the smeared constraint with the

new Hamiltonian. We find

[ ewat) = [ avi ) 9(0). B,

2 b

—— [0y (e(w) [ v, [#w). Diacla)], £a)

> >
— [ av,pippe) )
>
~0. (3.30)
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The last equality follows from the antisymmetry of f¢ in its indices, where we have
used the fact that D, is torsion-free. Thus the total Hamiltonian is that of Eq. (3.29)

with the expression

1 1
Hy = /de ()\ (L—lfabf“b + Eﬂaw“) + Dy’ 4+ Dy + v¢7r¢’> — j{dax Ny
b %
(3.31)

The multipliers v; and v, can be determined from the equations of motion. The

evolution of ¢ is given by

/ V() = / V() [6(y). Hrlp

3

Wyely) [ Vo) [olo). 7)),

b

dVye(y)ve(y) , (3.32)

M M

which tells us that vy = gb The evolution of a; gives us

/ AV, e(y)in(y) = / 4V, [e(y)as(y), Hal,

_ / av, e(y) / 4V, [an(y), 7°(@)]p (\(@)ma(e) + D2 () — Doy ()
= [ et BwImly) + Do) — D] (5.39

Comparing this with the expression for @, in Eq. (3.19), we find that Dyv; = 0.
While v; can be any constant, we will for simplicity assume that v; = 0. With these

values for the multipliers, the total Hamiltonian in Eq. (3.31)) takes the form

Hp = / dV, ()\ G fanf® + %Wr“) + 7Dy + ¢£7r¢) : (3.34)
>
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3 Constrained dynamics on spherically symmetric backgrounds
3.2.2 Gauge transformations and Gauge fixing

The two constraints of the Maxwell field are both first class and therefore generate
local gauge transformations of the fields. To determine these transformations, we

construct the general linear combination of the constraints

Alz) = / Vo (2) (2) + as(2) Q0 (x) (3.35)

%

where Q) = 7, Qy = D,m® — n,7m*| and a;,ay are two arbitrary differentiable

functions. We now find the following non-vanishing Poisson brackets of A with the

fields

019(x) = [o(x), A(y)]p = an(x)
daap(x) = lap(x), A(y)]p = —Dyas(z) (3.36)

These transformations can be identified with the usual gauge transformations A, —
A, + 0y of the covariant Lagrangian in Eq. if we identify as(y) = —a(y)
and aq(y) = £ea(y). We note that the gauge transformations for this background
are the same as those on backgrounds without horizons. The surface terms in the
Gauss law constraint ensure that the gauge transformations of a, remain unaltered.
We also note that a,(x) and ¢(x) in Eq. could be located anywhere on ¥,
including at the horizons. This can equivalently be seen as a result of the functions
a1 and ay being regular at the horizons, which distinguishes our result for gauge

transformations at horizons from those on spatial boundaries.

To proceed further, we take the approach of converting the gauge constraints into
second class ones by fixing the gauge. We will first adopt the radiation gauge in

the following and later on, a modified radiation gauge which also involves a surface
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term. The radiation gauge is given by

0, =7x°
Qy =D, 7% — n,n
H
Q3 =09,
Q=D (\ap) . (3.37)

This gauge involves the constraints 23 ~ 0 and {4 ~ 0, in addition to the two
first-class constraints of the theory, 2; &~ 0 and 25 &~ 0. Collectively, the constraints

in Eq. (3.37)) are second-class and have the following non-vanishing Poisson brackets

[Ql(x)a Q3(y>]P = _5(‘%‘7 y) ’
[Q2(2), Q(y)lp = D (My)Dyd(z,y)) - (3.38)

The first Poisson bracket in Eq. (3.38)) results directly from the canonical relations.
We evaluate the second Poisson bracket using two smearing functions €(y) and ~(z)

which are regular at the horizons as follows

/ AV, v(2)Qs(z), / dVy, e(y)u(y)

3 b P

j{d ny (D (y ))+/dVy e(y)Dy AMw)Dir () - (3.39)

[))) %

The first and last equality in Eq. (3.39)) result from an integration by parts. Since

the smearing functions € and ~ are regular at the horizons, the surface integral in
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the last equality of Eq. (3.39) vanishes on account of the Schwarz inequality

A Dy (9)[F < N [nna| |1 (Da) (Do)

=0 (at the horizons) . (3.40)

Thus the only contribution of Eq. (3.39) comes from the volume term which, upon
using the definition of the delta function in Eq. (3.14)), can be rewritten as

/ AV, v(z)Qs (), / dVy, e(y)Qu(y)

% % P

[ avetw) [ v 23 0022 6]

(3.41)
Hence the Poisson brackets between the constraints are those given in Eq. (3.38).
The matrix of the Poisson brackets between these constraints have a non-vanishing

determinant and is invertible. This matrix Cup (z,y) = [Qa(2), Qs(y)]p is given by

0 0 —i(x,y) 0

Clony) = 0 0 0 DY (A(y)Dys(x,y))
o(z,y) 0 0 0
0 —DY (Ay)Do(x,y)) 0 0

(3.42)
The Dirac brackets for two phase space functionals A and B follows from Eq. (2.21)

A, B, = [A, B]P—/qu/dV; A, Q)] Ct (u,0) [Q(v) s Bl . (3.43)

The inverse of the matrix C,;, requires the solution of the following equation

DY (My)DyG (z,y)) = =6 (z,y) . (3.44)

a

We will now demonstrate that G (z,y) represents the time-independent Green func-

tion of the spacetime Laplacian operator. Given a general rank p antisymmetric
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tensor ©%? whose Lie derivative with respect to ¢ vanishes, £,0%¢ = 0, and

whose projection on the hypersurface ¥ is given by hg’hg’...hf@ab“'d = 69V we
have the following identity

This in particular tells us that the one form VYG (z,y), for a time-independent

scalar function G (z,y), satisfies the following relation
ViaVyG (z.y) = Ay) "' Di (A»)DyG (2, y)) - (3.46)
Thus the Green function equation for the spacetime Laplacian
VIV,G (z,y) = =A(y) 1o (z,y) , (3.47)
is equivalent to the following Green function equation on the hypersurface 3
DY (A)DIG (. y)) = —6 (2,3) (3.48)

which is precisely Eq. (3.44]). Thus the inverse of the matrix in Eq. (3.42)) is

0 0 o(z,y) 0
0 0 0 Gz
CV(z,y) = () (3.49)
—d(x,y) 0 0 0
0 -G (z,y) 0 0

Using this matrix in Eq. (3.43)), we find the following non-vanishing Dirac bracket

laa(z), 7 ()] , = 6(x, )6, — D (My)DLG (2,y)) - (3.50)

This result follows from making no assumptions about G (z,y) and its derivatives
at the horizons. The Green function involved in the Dirac bracket of Eq. (3.50)

has been derived about the Schwarzschild background in [88-91]. Its expression in
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spherical polar coordinates for two points 7= (r,6,¢) and 7 = (' ,0",¢') on X is
given by [91]

o I _ 2
6=k £o o m) ey -0
|V =m)? + (7 = m)? = 2(r —m)(r" — m) cos y — m? sin” y

(3.51)

where m denotes the mass of the black hole and cosy = cos 6 cos @' +sin 0 sin 6’ cos (¢ — ¢').
Using the expression in Eq. (3.51)), we find that the term DZ ()\(y)DzG (z,y)) ap-
pearing in Eq. has a non-vanishing expression outside the horizon of the
Schwarzschild black hole and vanishes when any one of its arguments, x or y, is at
the horizon. Upon substituting Eq. in Eq. , we find the following limit

when ' — ry and r #£ ry

([aa(7), ﬁb(F')}D)T,_WH = 0(7,7y)00 = ([aa (™), ﬂb(F)}D)T,_)TH : (3.52)

where FH = (rﬂa 97 ¢) and ( o )r’%r

of the argument in the brackets. Eq. (3.52)) reveals that the Dirac bracket, when any

y denotes that we have taken the limit ' — ry

one of its arguments is at the horizon of the Schwarzschild black hole, reduces to
the canonical Poisson bracket between the fields. The Dirac bracket in the radiation
gauge should only be non-vanishing for the transverse components of the Maxwell
field, which is achieved through the Green function contribution in the Dirac bracket.
We have just noted that this contribution vanishes at the horizon. This result in
Eq. can nevertheless be physically acceptable, as Killing horizons are actually
null surfaces on which ‘transverse’ and ‘longitudinal’ lose meaning. However, since
our analysis considers the spatial section of the horizon and not the horizon itself, we
can seek a more appropriate gauge fixing choice which will provide Dirac brackets

that are distinct from Poisson brackets even at the horizons of the spacetime.

This observation motivates us to adopt a radiation gauge which involves an addi-

tional surface term at the horizons of the background, analogous to the surface term
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in {25 . This will allow us to consider how the horizon could affect the dynamics of
the theory, which is what we primarily wish to explore in this thesis. Upon applying

the gauge, we have the following four constraints

0, =7
Qy =D,7% — n,m
H
Q=9
Q) = Dbay — nbab‘H . (3.53)

As in the usual radiation gauge, the following Poisson brackets are easily derived

[Ql(x)a Q3<y)]P = _5(‘7:7 y) )
[22(2), Qu(y)]p = DaD*o(2,y) . (3.54)

The first Poisson bracket in Eq. (3.54]) is simply one of the canonical relations.

The second Poisson bracket is determined from the following calculation

/ AV, (2)0(2), / dV,, e(y)Qu(y)

3 Y P

|
—

AV, (D7) 7o) [V, (D) anly)

AV, (D¥y(y)) (Dye(y))

Fe "

day (y)n® (D (y)) + / 4V, e(y) DDA (y). (3.55)

Using the Schwarz inequality, we find that the surface integrand satisfies

nDy (7)* < [n"na| |1 (D) (Dyy)|
= h" (D7) (Dyy) - (3.56)
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The smearing functions and their derivatives are regular on the horizon, while A" ~
A2 on spherically symmetric backgrounds. Hence only the volume term of Eq. (3.55)
contributes to the Poisson bracket. Using the definition of the delta function in

Eq. (3.14]), we can re-express the Poisson bracket as

[ v r@ato), [ vy )| = [dv, ) [ vt (D3P16G0) |
> 5 p = S

(3.57)

which is the Poisson bracket given in Eq. (3.54]). The matrix of the Poisson brackets

between these constraints, Cup (2, y) = [Qa(2),2s(y)]» , is now given by

P
0 0 —d(x,y) 0
0 0 0 DYD(x,
C(z,y) = (Pl ) (3.58)
d(z,y) 0 0 0
0 —DyDyé(z,y) 0 0

Using Eq. (2.21), we have the definition of the Dirac bracket for two dynamical
entities A and B

A By = (A Bl = [V, [aviia, 0], €l (60) (960, Bl (359

To evaluate the brackets, we now need to find the inverse of the operator D,D*. Let

us formally write the inverse as G(z,y), i.e.
DiID,G (x,y) = =6 (z,y) , (3.60)

for some scalar function G (,y). This is the time-independent Green function for

the spatial Laplacian operator of the hypersurface ¥. With this, the inverse matrix
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C’;ﬁl (x,y) can be written as

0 0 d(z,y) 0
0 0 0 G(a,
(e y) = oy (3.61)
—d(x,y) 0 0 0
0 —G(z,y) 0 0

We can now substitute Eq. (3.61]) in Eq. (3.43)) to find the following non-vanishing
Dirac bracket for the fields

[aa(@), 7 ()], = 8(w,9)0, — DiDYC (,y) . (3.62)

Let us now consider how this bracket differs from that given in Eq. (3.50). The
Green function for the spatial Laplacian operator on the Schwarzschild background

has the following expression [84]

G -t VEDT = m) (w(r)r —m)
L) = m) 4 (5 — m)? =2 (5(r)r —m) ()" — m) cosy
m/(a(r)r — m) (w(r)r" —m)
VsE)r = m)? (5()r —m)® + mt —2m2 (s(r)r —m) (()r — m) cos
(3.63)

+

where £(r) = 1+ A(r) = 14 4/1 — 22 m is the mass of the Schwarzschild black
hole, 7= (r,0,¢), 7" = (r',0',¢') and cosy = cos @ cos @ + sinfsin @’ cos (¢ — ¢') as
before. A detailed derivation of this expression has been provided in the Appendix
of this chapter. We can now substitute Eq. in Eq. and take the limit
where any one of its arguments is at the horizon. In this case, we find the following

Dirac bracket involving the radial component of the electric field 7"

3/2 = [aT(y_)’ﬂ—T(F)]D )

Y—TrH

2r —m(1+ cosv)

DT o] O (Lt cos )

(3.64)

42



3 Constrained dynamics on spherically symmetric backgrounds

where the constant k4 in Eq. denotes the surface gravity of the Schwarzschild
black hole. The limit in Eq. is quite different from the analogous limit found
in Eq. resulting from the radiation gauge without a surface term. While this
result is gauge dependent, it does suggest that the quantization of fields could be
affected by how fields are fixed at the horizon.

3.2.3 Charges

Given a Gauss law constraint, its volume integration provides the flux across a given
Gaussian surface — the boundary of the region over which the volume integration
is carried out. The Gauss law constraint thereby provides an expression for the
charge contained within a region. On asymptotically flat black hole backgrounds
it is has been usually assumed (on the basis of charge conservation) that since the
charge contained in the spacetime can be expressed as a surface integral at infinity,
a non-vanishing surface integral over the horizon of the black hole must exist and

provides an expression for the charge contained behind the event horizon.

We will now consider the integration of the modified Gauss law constraint in
Eq. over a region of the hypersurface ¥, whose outer (spatial) boundary
is located at rp and whose inner radius is located at the event horizon rgy. The
surfaces at rg and ry will be denoted by 0¥ and 0¥y respectively. In order to
clarify the steps in this section, we will denote surface integrals which arise from

integrating the divergence term Dyn® by 7{ and the surface integral contributions

due to the surface term of Eq. (3.28]) by f . The surface integrals have their usual

meaning and the notation merely reflects where the surface integrals come from.

We can now derive the expression for the charge contained within the region X5 by
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integrating Eq. (3.28) from ry to rg,where rg > ry. We find

Yp

= j{nbﬂ —fnbﬂb—i- fnbﬂ — fmﬂr
oY p ) % 8%p

— ]{ nym’ . (3.65)
o p

The last surface integral f ny’ in the second equality of Eq. (3.65)) actually van-

% p
ishes. This follows from Eq. (3.28]), which tells us that the only surface terms which

do contribute are those involving surface integrals over the horizons of the back-
ground. Thus only the first three terms in the second equality of Eq. provide
the result in the last line of Eq. . This is the usual expression for the charge
as seen by an observer located at a radius rp outside the horizon of the black hole.
However, a crucial difference occurs if the above integral is considered in the limit

where 0¥ 5 — 0¥ . In this case we find from Eq. (3.65))

823%82}[

We note that in this case the fourth term in the second equality of Eq. has a
non-vanishing limit, leading to the result in Eq. . A similar result follows for
backgrounds which possess a cosmological horizon, which we assume to be located at
a radius rc. When an outer horizon exists, we can’t consider any Gaussian surface

which encloses the cosmological horizon which lies within the hypersurface . We
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can however always integrate entirely over X to find

o[ 9
b))
= ]{nbﬂb—j{nbﬁb#— f nbﬂb— f”bﬂb

2% ) %5 50

_0. (3.67)

Eq. (3.66) and Eq. (3.67)) reveal an unexpected result, namely that a non-vanishing

flux observed over a spatial surface outside the horizon of a black hole is seen to

vanish as the surface approaches the horizon. Eq. (3.65)), Eq. (3.66) and Eq. (3.67))

suggest that the horizon may be viewed as a dipole layer, with the charge on one
side of the horizon being screened from observation. For an observer outside the
horizon, the black hole is a charged body which follows from the bulk contribution
to the constraint. When the observer is at the horizon, the cancellation of “positive”
and “negative” charges leads to the result given in Eq. . A similar argument
holds for the cosmological horizon as seen in Eq. (3.67). To further resolve this

observation, we will consider the Abelian Higgs model in the next section.

3.3 The Abelian Higgs model
The action we will now consider is given by
1 ac  bd 1 ab . * 1 2 2)2
S =— d‘/;; Zg g Fachd + 59 Vaq)(qu)) + Za (|¢)| - ) ’ (368)

where F,, = 0,A, — OpA, is the electromagnetic field strength, ® is the Higgs field,
Vo® = (V, + iqA,)® is the gauge covariant derivative and Ta (\@\2 - v2)2 with

a > 0 represents the Higgs potential. It will be convenient to parametrize the Higgs
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field as ® = pe%n, following which the action becomes
— _ T 1 ac bd 1 2 2 ab i i
S=—[dVi | 199" FaFu+ 509" | A+ —Van | | A+ —Vin
4 2 qu qu

—iég“bvapvb,o + ia (p* — 02)2) : (3.69)
A useful feature of the polar representation of the Higgs field ® is that the magnitude
p of the field is gauge invariant. Only the phase of the Higgs field n involves gauge
transformations. In particular,the action is invariant under the local gauge trans-
formations A, — A, + V,a and n — n — vga, where « is an arbitrary differentiable
function. It is thus the combination A, + qivvan which is gauge invariant.

By defining the projected quantities a, = h2Ay, ¢ = €A, fu = hShiF.q and

eq = N 1EPF,,, we find the projected action

1 1 1 1.\’
S = —/dt/de A <—q2p2 (hab <aa + —Dan> <ab + —Dbn) -\ (¢> + —7']) )
2 qu qu qu
b))

1 1 1 1 1
_i_Zfabfab_56a6a+_Daprap__)\2p2+_a(p2_vz)2) .

2 2 4
(3.70)
The time derivative of the projected field a, is as given in Eq. (5.22)), i.e.
ab = —)\6b + Db(]5 (371)

We will denote the momenta conjugate to the fields ¢, a, , p and n as 7%, 7%, 7 and
7, respectively. As in the Maxwell case, b=£ ¢¢ does not appear in Eq. 1} and

provides the primary constraint

¢ =""=0. (3.72)
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The other momenta corresponding to the projected fields are given by

a oL _La
s 7 e,
oL
= — =)\
T 5p P
SL A igp? 1.

The canonical Poisson brackets of the theory are

[¢(2), 7°(y)] p = 8(2, ),
[aa(2), 7" (y)] p = 620(2, y) ,
[o(x), 7(Y)]p = 6(x,y),

()] p = 0(z,y). (3.74)

The canonical Hamiltonian H¢ follows from the Legendre transform

He = / dVy (wbay, +mp + myn) — L

%
1 ab | 102 1 1 u 1 2
:/de ()\(27r7rb—|— —fanf §p—7r —|—27r —|—2DapD p+4a(p —v)
1 2 27ab i i b _
+—q“p°h™ | ay + —Dun | | ap + —Dyn + 1Dy — quom, | .
2 qu qu

(3.75)

Using a Lagrange multiplier v,, we include the constraint in Eq. (3.72) to H¢ to
define

H = He + /dvgc v (3.76)
b

3.3.1 The Dirac-Bergmann formalism

The Dirac-Bergmann formalism can be applied to Eq. (3.76|) to determine all the

constraints of the theory. We perform the consistency check on €; = 7 by evalu-
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ating the Poisson bracket between 7% and the Hamiltonian H by using a smearing

function € as follows

[ iewi*w) = [ aviety) [x°(w). 1]

= [ ely) | 7). [ dvir@)Dio(a) - quom,
- ]{d% ()nir(y) + /dV e(y) (Dyn’(y) + qumy) . (3.77)

ox

As in the Maxwell case, the smearing function is assumed to be regular at the
horizons, which leads to the non-vanishing surface term in Eq. (3.77). Thus the

consistency of ; ~ 0 requires the constraint
0y = —nbwb‘ + Dy’ + qur, = 0. (3.78)
H

Any calculations involving the constraint in Eq. (3.78) requires that we smear and
integrate it over the volume. Using a smearing function € which is regular at the

horizon, we explicitly have

/ dV, €(x)Qa(z) = — 7{ da, nym®(z) + / dV, Dyr® + / dVy qum, ~0. (3.79)

by 0% b by
Thus the surface term in Eq. (3.78)) is to be understood as providing surface integrals

over the horizons of the background.

We can now include this constraint with its multiplier into the existing Hamilto-

nian given in Eq. (3.76]) to define

Hy = H + /d‘/}c (v1 (Dbﬂ'b + qmrn)) — fdaz vinpl . (3.80)
5 %

It is straightforward to verify that, just as in the Maxwell case, {2y = Qs , Hrlp = 0.

Thus there are no further constraints of the theory and the total Hamiltonian is given
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by Eq. (3.80). The multipliers v; and vs may be determined from the equations of

motion for ¢ and a,. The evolution of ¢ is given by

[ Wetw)its) = [ avietw) (60w). Hal,

- [ W), (3.81)

Hence vy = 6. Likewise, the evolution of a, is given by

/dVe

2

HT]

\M\

dVyely) Ny)mly) + DYsly) - Dioi(y)] . (3.82)

The term in the parenthesis in the last line of Eq. (3.82) agrees with £¢a; provided

Dyv; = 0. Without any loss in generality, we can assume v; = 0. With this choice,

Eq. (3.82)) provides

ap = )\7‘(’5 —+ Db¢ (383)

With the multipliers determined, we thus have the following total Hamiltonian

1 1 1 1 1
HTz/d% (A (27r T + fabf‘“’+—2— 57+ 5DupDp+ o (07 =)’

1 1 1 .
—l——q2p2h“b <aa + —Dan) (ab + —Dm)) + 7TbDb¢ — quom, + ¢7T¢) )
2 qu qu

(3.84)

3.3.2 Gauge transformations and Gauge fixing

To find the gauge transformations of the fields, we construct the generator as a

general linear combination of the two first class constraints of the theory

A = [V, a0 ) + ax(0)%(0) (3.5

P
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where ©Q; = 7%, Qy as given in Eq. (3.78)) and «;,ay two arbitrary differentiable

functions. The non-vanishing transformations on the fields are

6p(x) = [o(x) , A(y)]p = on(x),

dap(z) = lap(z) , A(y)]p = —Dyas(z),

on(x) = [n(z), Aly)]p = quaa(z). (3.86)
Identifying as(z) = —a(z) and a1(z) = £ea(z) as in the case of gauge transforma-

tions of the Maxwell field, we recover the local gauge transformations under which

the Lagrangian in Eq. (3.68]) is invariant.

To gauge fix the theory, we will adopt the unitary gauge. Our treatment will
closely follow that provided in [80] on flat spacetime. The complete set of constraints

are now

0 = )mn% — bqu. (3.87)

While €2, and €y are the two first class constraints which result from the theory,
the additional constraints 23 and ()4 are introduced to fix the gauge. The four
constraints in Eq. (3.87) have the following non-vanishing Poisson brackets among

themselves
[ (2), Quy)]p = qui(z,y) = [Q(z), Q)]
[Q3() 794(.@)]13 = A(y)

v
We note that the right hand side of the last equality in Eq. (3.88]) can be expressed

p(y)25(x’ Y) . (3.88)

in either z or y, since the delta function is symmetric in its arguments. The Poisson
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brackets between these constraints define a matrix Cy, (2, y) = [Qa(2), % (y)] 5 ,

0 0 0 qu
0 0 —qu 0
Clz,y) = o | 0@y). (3.89)
0 qu 0 @)t
—qu 0 —=\(z) p(”;)Q 0

0 ANz)oe 00 —qu
Clog) =y | MmO ey )
7 q*v? 0 —qu 0 0 o .

qu 0 0 0

We can now define the Dirac brackets as in Eq. (2.21)) for two dynamical entities A
and B

[A, B], =[A, B]p — /qu/dVU [A, Qa(u)]p Cog (u,0) [Qs(v), Bl . (3.91)
Using Eq. (3.90) and Eq. (3.87), we find the following non-vanishing Dirac brackets

b (3.92)

[p(z), m(y)]p = 6(z,y), (3.93)

M) oy
[QS(J:)’ ab(y)]D - —q2p($)2’Da6( 7y) ) (394)
m@wmezimw@m (3.95)
L UA(Y) .
@) 7] = 28z ). (3.96)

Unlike the ordinary radiation gauge of the Maxwell field (on the Schwarzschild
background), the Dirac brackets listed above have well defined limits at the horizon

which are distinct from the Poisson brackets of the theory. Thus the unitary gauge
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is a good gauge on spherically symmetric backgrounds with horizons. With the
above Dirac brackets, we can set the constraints in Eq. to strongly vanish,
ie. Q; =0;7=1,2,3,4. The Dirac brackets in Eq. and Eq. are simply
the canonical Poisson brackets. Thus (ap, 7, p,7) are the independent fields of
the reduced phase space. We also have 7% = 0, n = 0, Qy = 0 and Q4 = 0, since

the constraints now satisfy strong equalities throughout phase space. From €25 of

Eq. (3.87)), we have

1 X, _a T, -a
m(a)= (naw (x))H _ Dy (a:)) . (3.97)
Eq. (3.97) along with 4 of Eq. (3.87)) further imply
Ax)
) = ———5Dir%(x). 3.98
ola) = 2 i) (3.98)

Eq. and Eq. may be viewed as the covariant expressions of those found
in flat spacetime [80]. Due to the presence of surface terms, we see that the ex-
pressions for dependent variables of phase space are modified on backgrounds with
horizons. Thus the modified Gauss law can have an effect on the physical charges

of the theory. This will be further considered in the next subsection.

3.3.3 Charges

We will now consider the implication of the modified Gauss law constraint on the
physical charges of the abelian Higgs model. On static spherically symmetric black
hole backgrounds, solutions of the Higgs field can either have p = 0 or p = +wv at
and outside the horizons of the black hole, corresponding to it being in the false
vacuum or true vacuum respectively. In the case of asymptotically flat black hole
backgrounds, p cannot vanish on the horizon and must thus take on the values

p = £v. In this case the black hole does not carry any electric charge [92}93] and
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there is a vanishing electric flux in the spacetime. A known exception occurs in the
case of solutions on black hole backgrounds with a cosmological horizon. On these
backgrounds, black holes can carry an electric charge while the Higgs field is in the
false vacuum (p = 0) [94] and the solution is similar to that of a Reissner Nordstrom
de Sitter black hole. While we will not consider solutions of the Higgs field on
spherically symmetric backgrounds, we recall the above results in the literature to
specify that we will consider the case where an electric flux exists in the region
outside the black hole event horizon. We have already seen that in the Maxwell
case, the flux over the horizon may vanish without it having to do so outside the

horizon. We will now show that a similar result carries over in the case of the

Abelian Higgs field.

The charge is defined by integrating Eq. (3.78) over regions of the hypersurface ¥

/ 4V, O(x) = Q (3.99)

by

Let us first consider the integration over the entire hypersurface. We will consider the
case where the spacetime has an inner black hole horizon and an outer cosmological

horizon, whose corresponding surface integrals are over 0¥ and 0X¢ respectively.

In this case Eq. (3.99) gives

Q= /d‘/; Q(x) = /de D,m* + /d‘/; qum, — f da, nem® + f da, n,m*

5 5 » )0 )
— J(I{ da, ngm® — 7{ da, ngm® + /de quT, — f da, n,m + f da, n,m®
¢ Oy % L) Xy
= /de qum, = Q) (3.100)
5

where f in the above equalities indicates that the surface integral originates from

the surface term in the Gauss law constraint. This is the same notation introduced

23



3 Constrained dynamics on spherically symmetric backgrounds

in our consideration of the charges of the Maxwell field in the previous subsection.
Were the usual Gauss law constraint to hold, we would only have the first three
terms given in the second line of Eq. . This would imply that the charge
results from the difference in the flux across the two horizons. Due to the modified
Gauss law constraint, we however find the last equality of Eq. , namely that
the charge is given by the volume integral of the charge density gum, over the entire

hypersurface.

Let us now consider the integration over a bounded subregion of ¥, which we
denote as Y. The volume integral is carried out from rgy up to some radius rp,
where r¢ > rg > rg, with r¢ and rg denoting the radial distance to the cosmological
horizon and black hole horizon respectively. By integrating the modified Gauss law

constraint of Eq. (3.78]) in this case, we find

Q= /de Qo(x) = /de D, +/de qum, + f da, ngm®

Xp XB B )]s
— j{ da, n,m — % day nem® + /de qum, + f dag ngm®
0Xp Xy ¥B Xy
= Qp = /de quT, + }{ dag ngm® . (3.101)
Yp ap

In the first line of Eq. (3.101f), we see that one of the surface terms in the constraint

does not contribute, since 0¥ g is not a horizon of the spacetime. This leads to the

last line of Eq. (3.101)). The charge () does not vanish, since the flux ]{ dag ngm®

0Xp

and the integral of the qum, carried out to radius rp can be finite.

By considering the limit of 0¥ — 0%, the volume integral vanishes and the

surface integrals cancel out, which leads to

Qu =0, (3.102)
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3 Constrained dynamics on spherically symmetric backgrounds

at the horizon of the black hole. We thus find that the result found for the Maxwell
field also holds for the Abelian Higgs field. In particular, the modified Gauss law
allows for a vanishing flux across the horizons and a non-vanishing flux outside the

horizon.

3.4 Discussion

In this chapter, we argued that horizons modify the constraints of gauge theories
and could therefore affect the observed charges and dynamics. We then proceeded
to demonstrate this through the examples of the Maxwell field and the Abelian
Higgs model. In both cases, we found that the Gauss law constraint now involves
surface contributions from the horizons of spherically symmetric backgrounds. It
may appear that similar surface terms could result from spatial boundaries. As we
have mentioned previously however, all fields, including gauge fields, are required to
be continuous and satisfy certain regularity conditions on spatial boundaries which

restrict their behaviour.

We can effectively consider two kinds of spatial boundaries; either one which is
present within a given manifold, or one which constitutes the physical end of the
manifold. If spatial boundaries exist within a manifold, then any surface term must
exist on either side of the boundary and will thus cancel out. When the boundary
corresponds to the physical end of the manifold, regularity of the fields require
that they vanish there. These conditions can be ensured through the choice of
smearing functions, which would in these cases have to satisfy Dirichlet, Neumann
or Robin boundary conditions, depending on the spatial boundary being considered.
The surface terms derived in the presence of the Killing horizons exist precisely

because the horizon prevents the ‘other’ side from being observed. This is one of the
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3 Constrained dynamics on spherically symmetric backgrounds

properties which distinguishes spatial sections of Killing horizons from an ordinary
spatial boundary. The only requirement we can impose is that gauge invariant
scalars constructed from the gauge fields need to be finite at the horizon. Thus
Killing horizons lead to a much richer set of possiblities than spatial boundaries, for

field theories and in particular gauge theories.

One of the implications of the modified Gauss law constraint we considered were
the corresponding conserved charges. In the Maxwell case, we saw that a non-
vanishing charge and electric flux can exist outside the horizon of the black hole.
However, the surface terms in the Gauss law imply that the charge and flux vanish
on the surface of the horizon. This has an interesting consequence in the case of the
Abelian Higgs field. If the Gauss law were to not contain the horizon corrections,
then the absence of charged black holes would imply the absence of electric flux in the
spacetime. We showed that the modified Gauss law allows for the charge to vanish
on the horizon, while admitting a non-vanishing electric flux across any surface

outside the horizon (and within the cosmological horizon, should it be present).

We also considered the consequences of the modified Gauss law constraint on
gauge transformations and gauge fixing. We found that gauge transformations of
the fields in all cases are not altered, which was due to the presence of the surface
terms in the Gauss law constraint. We then gauge fixed the theory and derived
the resulting Dirac brackets. For the Abelian Higgs model, we adopted the unitary
gauge, where the phase of the Higgs field was fixed. In the case of the Maxwell field,
we gauge fixed the theory using the radiation gauge. In these gauges, we derived the
covariant generalization of the known Dirac brackets on flat spacetime. However, we
showed that the Dirac brackets of the Maxwell field in the radiation gauge, which
involves the time-independent Green function of the spacetime Laplacian operator,

does not appropriately fix the gauge at the horizons. Specifically, in using the
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3 Constrained dynamics on spherically symmetric backgrounds

expression of the Green function on the Schwarzschild background, we find that
its contribution to Dirac bracket vanishes at the horizon. Thus this Dirac bracket
reduces to the Poisson bracket when any one of its arguments is considered at the

horizon of a Schwarzschild black hole.

We thus also considered a radiation gauge for the Maxwell field which involves a
surface term analogous to that involved in the modified Gauss law. We now find
that the Dirac bracket involves the inverse spatial Laplacian of the background.
Using the expression for this Green function on the Schwarzschild background, we
find that its contribution in the Dirac bracket does not vanish at the horizon. Thus
the Dirac brackets in this gauge are distinguished from the Poisson brackets even at

the horizon of the Schwarzschild background.

The radiation gauge Dirac brackets of the Maxwell field depend on how fields are
fixed at the horizon. In the case where the fields are not fixed at the horizon, we
derive Dirac brackets which involve the Green function of spacetime Laplacian of
the background. On the other hand, the fields are fixed at the horizon through the
inclusion of a surface term in the radiation gauge. In this case, the Green function
is such that its contribution in the Dirac bracket does not vanish at the horizon.
This leads to the difference in the limits of the Dirac brackets at the horizon of the
Schwarzschild black hole. A part of this result can be understood from the operators
corresponding to the Green functions involved in the Dirac brackets. The difference
in the action of the covariant Laplacian operator from that of the spatial Laplacian

operator on a time-independent scalar field F' satisfies the following identity
V. V'F —D,/DF = ()\’12)“)\) D,F. (3.103)
In the r — ry limit, Eq. (3.103]) becomes

(VoVF = D,DF),_, =y (0,F) (3.104)

r=ry ’
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3 Constrained dynamics on spherically symmetric backgrounds

where ky is the surface gravity of the black hole. We see that these operators in
general do not agree at the horizon and only do so through an appropriate choice
of boundary conditions. For instance, a Neumann boundary condition would imply
that the operators are identical at the horizon, while this would not be true for
either Dirichlet or Robin boundary conditions. The eigenvalues as well as the Green
functions of the operators are thus related to the choice of boundary conditions

imposed on the fields.

The constraint in Eq. can also be expected to affect the quantization of
fields on backgrounds with horizons. The quantization of gauge fields can be ef-
fectively carried out within the Hamiltonian BRST formalism, where the first class
constraints of the theory and the inclusion of additional ghost fields now describe
the BRST charge operator. This operator identifies the physical states of the theory
and provides the ghost and gauge fixing actions [79,/95]. The inclusion of surface
terms in the BRST charge operator will thus affect the physical states and the BRST
invariant action, just as the first class constraints did modify the physical charges
and the gauge fixing of the theory. Some of these topics will be further considered
in Chapter 5.

3.A Derivation of the Inverse Spatial Laplacian

In this appendix we will provide the derivation of the inverse spatial Laplacian given
in Eq. using the method of multipole expansion. This appendix will be based
on the treatment and results of [84], where the Green function of Eq. was
derived for the Schwarzschild and pure de Sitter backgrounds. Not all backgrounds
will provide a closed form expression in terms of elementary functions as in the

Schwarzschild case. The method can however be used on any spherically symmetric,
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3 Constrained dynamics on spherically symmetric backgrounds
asymptotically flat background whose spacetime metric is given by

1
ds? = ~A(r)df? + ——dr? + 1202, (3.A1)
T

where A\(r) = 0 at the horizons and dQ? = df? + sin®fd¢? is the metric of the
2-sphere. In these coordinates, Eq. (3.60)) can be expressed as

sin 60, (rQA(r)8T6> + ﬁag (sin eagé) + ma;é
= —4nwd(r —r")6(0 — 0')d(p — ¢'), (3.A.2)

where the delta functions are now normalized according to
re ™ 2
/ dré(r—r") =1, / Ao —0") =1, / dpd(p—¢')=1. (3.A.3)
rH 0 0

The §(r—r') function is normalized in the region under consideration. While we have
represented this as being from the event horizon ry to the cosmological horizon 7. in
Eq. , it should be interpreted according to the background being considered.
For instance, in the case of the Schwarzschild background considered in Sec. [3.A.1]
the integral ranges from rg to oo, while in the pure de Sitter case in Sec. the

integral is from 0 to r¢.

3.A.1 The Schwarzschild background

For the Schwarzschild background, A(r) = 1/1—22 and Eq. (3.A.2) can be ex-
pressed as
2m . ~ 1 ~ 1 ~
sin 00, | r*y/1 — —&L’) + ———0 (sin00yG ) + ——03G
( " 12 < ) \/1— 22sind
= —And(r— )60 —0)d(¢p — ¢). (3.A.1.1)
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3 Constrained dynamics on spherically symmetric backgrounds

It will be convenient to make a change of variables from r to y = - — 1. After

deriving the solution, we will change variables again to express the Green function
in terms of the original coordinates. In terms of y, Eq. (3.A.1.1]) takes the form

) o Jy—1_ ~ y+1
sm@[ay((y—i—l) y+1ayG>+ y—l(

|
— 0, (sin00,G) + — 93¢G>]

= 4500 - ¢yio - ),

(3.A.1.2)

with the point source now located at (y', 6, ¢').

The angular delta functions satisfy the expressions in Eq. (3.A.3]), while the y

delta function now satisfies

/100 dyd(y —y')=1. (3.A.1.3)

To find the solution of Eq. (3.A.1.2)), we will first solve the corresponding homo-

geneous equation in the absence of the source

y—1 o Jy—1_ = 1 ) ~ |

Y= 25 D2 E50,G ) + =00 (sin00,G) + —-02G . (3.A.1.4
y+1 y((yjL ) y+17Y )+sin6’0 S v +sin26 ¢ ( )
We can now use the spherical symmetry of the background to express the solution

in terms of Legendre polynomials

G, 7)) =>_ Rily,y)Pcos7). (3.A.1.5)
1=0

where cosy = cosfcosf + sinfsiné cos (¢ — ¢'). We note that Pj(cosvy) is re-

lated to the spherical harmonics Y, ,, (6, ¢) via the Legendre addition theorem (cf.

Eqs. (14.30.8), (14.30.9), (14.30.11) of [96])

21"’ 1 * / /
ppm Py(cos7) Z Yim(0,0)Y (0, ¢) . (3.A.1.6)

m=—I
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Eq. (3.A.1.6) implies that P;(cos~) further satisfies

1 : 1
Singae (sin @0y Fy(cosy)) + Y 983)]35((:08 v) = =Il(l + 1)P,(cos~), (3.A.1.7)

4
20+ 1

1 2m
/ dcos@/ doPy(cosvy)P(cosy) = oy (3.A.1.8)
-1 0

By substituting Eq. (3.A.1.5) in Eq. (3.A.1.4) and using Eq. (3.A.1.7) we get the

differential equation
N d
(1-y )d—@ﬁRz(y,y’) —(2y - 1)d—sz(y, y)+ll+1R(y,y)=0.  (3.A.19)
We note that Eq. (3.A.1.9)) is quite similar to the differential equation satisfied by

Legendre functions

(1— y2)dd_y2Pl’,‘(y) — Zydi;Pﬂ(y) + {1/(1/ +1)— 1 ﬁ QQ] Pt(y)=0. (3.A.1.10)

It will therefore be useful to further adopt the ansatz R;(y,vy') = Bi(y') P*(y) A(y).
By substituting this ansatz in Eq. (3.A.1.9) and making use of Eq. (3.A.1.10]), we

find the following equation

P2 (1= )40 - 20— DA = (W4 1) - T2 10 1)) A

- d%P#(y) {2(1 - ?f)%fl{y) + A(y)} =0. (3.A.1.11)

This equation can only be satisfied if the coefficients of %P,ﬁ‘(y) and PH(y) sep-
arately vanish. If this was not the case, then Eq. (3.A.1.11) would violate the
recurrence relations satisfied by the Legendre functions. The coefficients of dinlf”(y)

in Eq. (3.A.1.11)) involves a differential equation for A(y) which has the solution

Aly) = (3—1)4 : (3.A.1.12)

Using Eq. (3.A.1.12) in Eq. (3.A.1.11)), we find that the coefficient of P*(y) van-

ishes if y = % and v = [. The other real independent solution of Eq. (3.A.1.9) can
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likewise be found by using the ansatz R;(y,y’) = Bi(y')e"™Q"(y)A(y). Since Q"(y)
also satisfies Eq. (3.A.1.10)), we find the same solution for A(y),u and v. Thus the

general solution of Eq. (3.A.1.9)) is given by
Rily) = AW) (21 ) A o)+ o) (D) (i0f )
’ y+1 : y+1 :
= A)aly) + By ) fily) , (3.A.1.13)

where the functions ¢;(y) and f;(y) involve Legendre functions of fractional degree,
with the argument y > 1. These functions can be described in terms of hypergeo-
metric functions, for which there exist several representations. A particular repre-

sentation which we will use is (cf. pp 153-163, Table entry 10 and 28, of [97])

Pi(y) (v=3) yri! ltv—p2+v—p 31
= U e
v W e T (—r — ) (= 1)5 2 > 2 Ty
N 2T (v + 3) yvH <—V—M l-v—p 1 1)
i ) a4 5 o )
VAT (L v—p) (g2 —1)5 2 2 2 2
_ (14 v+ 2 _1)2 vdp+2 v p+l 31
ew@ﬁ(y):f ( w(y*—1) R pt2 vptl 3 1N
Qu+IT (%—i—v) yvtutl 2 2 27 92
(3.A.1.14)

With = 3 and v = [ we have the following expressions for g,(y) and f;(y)

1 1 I+1 7142 31
gl(y):—{ﬁyl%fjﬁ( 2, 23“‘_'_2)

vy +1 2 2 2y
——1 —1+1 11
ol l+3 2 2. 4.
+ Yy 2ol ) 92 ) +2ay2 )

2
3
2.

1 I+32 1+ 31
fz(y)zx/y—l[iyl%ﬁﬁ( g ’H?f)] . (3.A.1.15)

It turns out that the functions given in Eq. (3.A.1.15)) admit expressions in terms
of more elementary functions, which we will now describe. The hypergeometric

functions contained in ¢;(y) in Eq. (3.A.1.15) have the following generic form and
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known representation
—2a
1 1 Viyr—1
Ng (a, a+5.20+1, —2> — 9% (H—y> . (3.A.1.16)
Y )

_ e o
a—Tanda— 5

(y)

expression. We thus find the following expression for ¢;(y)

v vE=1) <y + \/y27—1>l+§] . (3A117)

9(y) =

vl

Likewise, the hypergeometric function given in fi(y) has the following form and

representation in terms of elementary functions

2b—1 2b —92bh+1
oF (b,b+%,2b,%> ?/r(y+\/y - ) " (3.A.1.18)

. We can hence write fi(y) as

(y + VY= 1) -
NE!

The derivation of the Green function will require the Wronskian of the solutions in
Eq. . Using the above expressions, we find that the Wronskian
W(a(y), [i(y),y) = 9w)9yfi(y) = fiy)dyai(y) is given by

(20+1)
(I+y)ivy—1

To describe the general form of the solution G (¢,y') in the presence of the point

I+
2

] 0o

where b =

[NIE

fily) = V2

(3.A.1.19)

Wi(a(y), fity),y) = —

(3.A.1.20)

source, we also need to consider the limits of the solutions given in Eq. (3.A.1.17))
and Eq. (3.A.1.19)) and their derivatives. The asymptotic limits of the argument are
y — 1 and y — oo, which correspond to r — 2m and r — oo respectively. We note

that go(y) is a special case in that it is a constant, go(y) = 1, for all values of y.
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For all the other terms we find the following. As y — 1, both ¢ (y) — 1 and
fily) — 1 for all values of [, i.e. they are both finite. However, all derivatives of
fi(y) diverge as y — 1, while d%gl(y) — I(l+1) as y — 1. Thus the near horizon
solution must only contain g¢;(y), and we must set B;(y') = 0 in Eq. (3.A.1.13)) in
the region between (v, ¢, ¢') and the event horizon of the black hole.

As y — oo we find that fi(y) — 0 for all values of [ and the derivatives of f;(y)
are also well behaved. On the other hand, ¢;(y) diverges for [ # 0. We must thus
set A;(y") = 0 in Eq.(3.A.1.13) to describe the region from (v, ¢, ¢') to cc.

We can therefore write the solution in the two regions in the following way

(o)

) . > Ay )au(y) P(cos) (v <y)
G(,7) =Y _ Ry, y)P(cosy) = ¢ 5
=0 Z Bi(y') fily) Fi(cos ). (y>9y)

(3.A.1.21)
Continuity of G at y = ¢ implies that AW)a(y') = Bi(y)fi(y'). Then we can

define a constant C; such that

C, = = : (3.A.1.22)

using which we can write the solution in the form

N . Z Cifi(y")gi(y) Fi(cos ), (v <y)
G(5,7) = Riy,y)P(cos7) = 'x
=0 Z Ciai(y') fi(y) Pi(cos ) , (y >
(3.A.1.23)

where fi(y) and g;(y) are as given in Eq. (3.A.1.15). We can now determine the
constants C; by appropriately integrating Eq. (3.A.1.2). To begin with, we insert

Eq. (3.A.1.23)) into Eq. (3.A.1.2) and multiply both sides with Py (cos+y). By using
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Eq. (3.A.1.8)), the resulting integration with respect to 6 and ¢ gives us

o 2 fy=14d v, Sy —y)
20+ 1 [d_y <(y+ 1) md—sz(y)) —I(l+1) = lRl(y)} — _(T' |
3.A.1.24

Integrating Eq. (3.A.1.24)) over an infinitesimal region from ¢y’ — € to 3’ + €, we get

1_ 1 y -1 dfi(y) dgi(y)
——=——Cy +1)° ! — Ay
m A 1y +1) y 1 9(y) dy |, fily') i |,
1 / 3 ! / /
= 57O + D2V = IW (), Sy, )
=G, (3.A.1.25)

where in going from the second to the third equality in Eq. (3.A.1.25)), we made
use of the Wronskian given in Eq. (3.A.1.20). Thus we have determined that Cj is

independent of [
1

G = (3.A.1.26)
m
We can now write the solution of Eq. (3.A.1.2)) as
~ 1 &
G (f<.7>) = — > ay<) fily>) Pilcos) (3.A.1.27)
1=0

where y. = min(y,y’) and y~ = max(y,y’). Using Eq. (3.A.1.19) and Eq. (3.A.1.17)),

we find that the product g;(y<) fi(y>) is given by

1 Y< +/y2 =1 3
gl(y<)fl(y>)

VeIV T e+ 1
Jy
+ ((y<+ 2 — 1) <y> V2 - 1)) 2] . (3.A.1.28)

For the sake of notational convenience, let us define

A=y +12—1 and B=y.+42—1. (3.A.1.29)
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Using Eq. (3.A.1.28)) and the standard expression for the generating function for

Legendre polynomials

= 1
Y tP(a) = ——, (3.A.1.30)
P V1 —2xt + 2

we find that Eq.(3.A.1.27)) takes the form

é(* ﬁ)_l 1 VAB n VAB
Y<> > my + 1/ys + 1 \/Az_{_Bz_QABCOSfY \/AQBZ—|—1—2ABCOS’}/

(3.A.1.31)

To write the solution in terms of Schwarzschild coordinates, we simply make the

substitution for y. We thus find

G (7, 7) =

1 V)T = m) (w(r)r —m)
VI L\ J)r = m)? + (5()r = m) =2 (s(r)r —m) (=(")r” — m) cosy
m/(w(r)r —m) ((r)r" —m)
V) = m)? (5 —m)? + mt —2m2 (s(r)r — m) (5(r')r' —m) cos
(3.A.1.32)

_|_

bl

where we have defined s(r) =1+ A(r) =1+ /1 — 22 and x(r') similarly.

3.A.2 The static de Sitter background

The derivation of the inverse spatial Laplacian could also be of interest on cosmo-
logical backgrounds, such as de Sitter space with a positive cosmological constant

A . In this case we have A\(r)? = 1 — 2—22, where L = \/% We make a change of
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coordinates and write y = % For this choice, Eq. (3.A.2]) takes the form

: : =~ 1 =~

sin 0 [ (y V1 —y%0 G) 0 (sm&ae (sm 989G> + Sm—QeaiG)}

WD )60 - o).
(3.A.2.1)

= —4r

The delta functions for the angular variables satisfy Eq. , while the y delta
function satisfies X

/0 dyé(y —y') =1.
As in the Schwarzschild case, we use the spherical symmetry of the background to

expand G in terms of Legendre polynomials

@) = 3 Rily.v))Plcos). (3.4.22)

By substituting Eq. (3.A.2.2)) in Eq. (3.A.2.1]) without the delta function source and
using Eq. (3.A.1.7), we get the equation

1—y2— <y V1-— y Rl (y,y' ) —1(l+1)R(y,y)=0. (3.A.2.3)

To find the general solution in this case, it will be convenient to use the ansatz

Ri(y,y") = Bi(y)A(y)P;(\/1 —y?). Using this ansatz in Eq. (3.A.2.3) and pro-
ceeding as described from Egs. (3.A.1.10]) - (3.A.1.13), we find the following general

solution

Ry, ) = A w) P (VT= ) + Bl W) P T (VT ) . (3.A24)

The Legendre functions described in Eq. (3.A.2.4]) are of fractional order and degree,
defined in the region [—1,41]. These functions can be described in terms of hyper-

geometric functions (cf. p.166 of [97]), for which we use the following representation

K 1 14 u v )
r(1—up)P! = M1l—a®) 2, (- + - -5 = 1 1 —2%) . (3.A2.
( ) V(x) ( ) 2471 (2 2 2a 9 27 13 l’) (3 5)
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By using Eq. (3.A.2.5) in Eq. (3.A.2.4) we find
Ri(y,y) = AW)a(y) + Bi(y) fily) , (3.A.2.6)

where ¢;(y) and fi(y) are now given by

[ 1 3
gl(y) Y2 1<272+ 72+l7y)

1 —1-1 —-l+11
= F ==Lyt 3.A27
50 = b (T T i) (3A27)
We note that these are not the solutions as those given in Eq. (3.A.1.15)). Here
Ai(y') and By(y') are real coefficients and the solutions themselves are positive and

real in the region between 0 and +1. The Wronskian of the two solutions given in

Eq. (3.A.2.7)) satisfies the following relation
20+1
TRVART
To proceed, we will need to consider the limits of the solutions given in Eq. (3.A.2.7))

Wi(g(), fity),y) = (3.A.2.8)

and their derivatives as y — 0 and y — 1. As before, go(y) = 1, which follows from
2F1(0,1;2;4%) = 1. We will thus consider the limits of the functions other than go(y)
in the following. Unlike Eq. about the Schwarzschild background, we were
unable to find expressions for fi(y) and ¢;(y) in terms of elementary functions for

arbitrary [. We will thus consider the limits of these functions using known relations

satisfied by hypergeometric functions.

Asy — 0, the hypergeometric functions are always given by 2 3 (a, b, ¢,0) = 1. We

also have the following derivative relation satisfied by the hypergeometric functions

d b
%QFl (a,b, C, Q?) = a? 2F1 (CL + 1,b + 1,C—|— 1,1’) s (3A29)

Thus the y — 0 limit of the solutions in Eq. (3.A.2.7)) are entirely determined from

its explicit y dependence, and are not dependent on the hypergeometric functions
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involved. From Eq. , we see that ¢;(y) and its first derivative vanish, while
fi(y) and its first derivative diverge for all values of [, as y — 0. We must therefore
set By = 0 in Eq. to have regular solutions in the region (y,0,¢) <
(v,0,¢").

As y — 1, we can make use of the following limit

['(c)T (c—a—0b)

2Filebe ) = o= e

Ra+b—c)<0; c#0,—1,-2,---
(3.A.2.10)
We note that the hypergeometric functions given in Eq. (3.A.2.7) are of the form

o F1 (a7a+ 1;2a + %;yg) , Where a =

% and a = % provide the hypergeometric
functions contained in ¢;(y) and f;(y) respectively. In both cases, the condition

R (a+b—c) <0 is satisfied and thus f; and g; are both regular as y — 1.

We will now consider the limits of the derivatives of f;(y) and ¢;(y) as y — 1.
In the case of the ¢;(y) hypergeometric functions, we can use the following integral

representation

oF (a,b,c,x) = 2 (C)_ ) /01 1 =) —at)dt,  (R(c) > R(b) > 0) .

LT (c—b)

(3.A.2.11)
While ¢ > b for the g;(y) hypergeometric functions, this is not the case for the f;(y)
functions (which have ¢ < b for all [ # 0 and ¢ = b for [ = 0). For the function
o Fy (a, a+1;2a+ %;gf) , with a = %, Eq. 1' becomes

[ 1 3 F(l+§) ! t 2 -1
Filss+Li+2,97 ) = : / 1—t)z dt
21<272+ ) +2,y) F(é—i—l)F(H_Tl) 0 (1—ty2> ( )2 )

(3.A.2.12)

while the derivative of this function takes the form

[ 3 0\ T(+3dw [/ ot \ 1;1

(3.A.2.13)
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3 Constrained dynamics on spherically symmetric backgrounds

Eq. (3.A.2.13)) diverges in the limit y — 1 for [ > 0. Since this implies that the

derivatives of ¢;(y) diverge in this limit, we must set A; = 0 for all [ # 0.

The form of the fi(y) solutions can be determined from the contiguity relations
satisfied by the hypergeometric functions. We will let y? = z, in terms of which the
solutions being sought are f(z) = 2~ = Fj(z), with F)(z) defined by

—1—-1 —-l+1 1
2F1< SRR ;—l+§;2)—ﬂ(2). (3.A.2.14)

Two hypergeometric functions which are contiguous are related to one another
through certain differentiation formulas. We will consider the following two identi-

ties (cf. Eq.s (15.5.4) and (15.5.9) of [96]).

[(c—n)(1—z)ctn—eb gr

o1 (a—n,b—njc—n;z2) = [(1 - Z)a+b_c ARy 3 (a,b;c; Z)] 5

ING) zeml=n
I'(c—n ar
oFy (a,b;c —m;z) = (F(c) )Zl+n_cdz” (271 9F (a,by¢;2)] . (3.A.2.15)

The two equations in Eq. (3.A.2.15)) further imply the following relation

oF i (a—mn, b—mn;c—2n;z)

I(c—2 " "
_ (C TL) z1+2n—cd_ [(1 _ Z)c+n—a—bd_ [Zc—l(l _ Z)a—i—b—c ) (a, b: c; Z)}

[(c) dzn dzn
(3.A.2.16)
Using Eq. (3.A.2.14)) and for n = 1, we find from Eq. (3.A.2.16))
20+ 1)(20 +2)2 (81 +4)z — (81 +2)2% 4(z3 = 2% _,
F = — Fi(z) — F - —F
r2(2) < 3+ 81+ 412 1) 3+ 81+ 42 &) = gt
(3.A.2.17)

Thus every solution fj(z) can be determined recursively from the lowest order solu-
tions of Fj(z). All even solutions follow from the lowest order even solution, Fy(z),

while all odd solutions can be derived from Fj(z). These solutions have known
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3 Constrained dynamics on spherically symmetric backgrounds
expressions |97] and are given by

11

§

All even solutions have the form Fj(z) = /1 — zD;(z). By substituting F;(z) =
V1 —2D;(2) in Eq. (3.A.2.17)), we find the following recursion relation for D;(z)

1. (3.A.2.19)

N — N~

Fl(z) = o <—1705—

2021+ 1)z (81 +4)z — (81 —2)2% _, 423 - 2% _,
Dia(z) = | (1 - 2222 ) ) — Di(z) — 2 — =)
r+2(2) K 3+8z+4z2> (2) 3+ 81+ 42 2 = g
(3.A.2.20)

If m represents positive integers, then from Eq. (3.A.2.20) it can be confirmed

that D,,, is a polynomial of of order m — 1 in z. For odd I, we can directly use

Eq. (3.A.2.19) in Eq. (3.A.2.17) recursively to find that Fy,,,1(2) is a polynomial of
order m in z. Specifically, the substitution of Fj(z) = 1 in Eq. (3.A.2.17) leads to

F3(z)=1- %z, using which we find from Eq. (3.A.2.17) that F5(z) = 1— %z—l— 28—122 ,

and so on.

Using these properties, it now follows that the f;(y) solutions have the form

Cn
fl(y) - Z y2n+2 ) (l Odd) )
n=0
V1—1?
= [=0 )
; (l=0)
%
Cn
=+/1—y? o (leven;l #0), (3.A.2.21)
n=1
where C1 = 1 for the odd [ case, and cr = 1 for the even [ case. We see from

Eq. (3.A.2.21)) that the first derivatives of f;(y) differ for even and odd [. Specifically

when y — 1, the first derivative of f;(y) diverges when [ is even and is finite when [
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3 Constrained dynamics on spherically symmetric backgrounds

is odd. Regularity of the solutions requires that in the region (y,0,¢) > (v ,0",¢'),
we not only set A; = 0 for all [ # 0, but also set B; = 0 for even [.

We can now determine the general solution G (¢, ) for the point source located at
(v',0',¢"). Away from the source, the solution is given by Eq.. As explained
above, in the region y < y’ we simply set B;(y') = 0 and sum over all . In the region
y >y weset A;(y') = 0 for all [ # 0 and sum over all odd [, but we in addition have

the go(y) = 1 term which contributes a constant term. Thus, we can write

Z Ai(y)ai(y) Pi(cos) (v <y),
G(y,y) = (3.A.2.22)
A/ + Z Bora(y )f21+1(y)P21+1(COS ) (y > y') .

Finally, we need to match these solutions at y = 3’. This sets Ay = A}, and leads

us to define the constant Cy 1 = ’;22;:11((5,/)) = ];22;:11(;, We also find that A vanishes

for even k(# 0). Then we can write
G(§,§) = Co+ Rar1(y,y) Pasa(cos ), (3.A.2.23)

where Cy = Ay is the constant zero-mode contribution, and

Z Cory192141(Y) farr1 (y ) (y < y’) )
Roi(y,y') = (3.A.2.24)

Z Corg1forr1(y)gars1(y) (y>v).

=0

Multiplying both sides of Eq. (3.A.2.1)) with Py, i(cosvy) and integrating with
respect to 6 and ¢, we get

5(y—y’) 1 (2l+1)(21—|—3) ,
TR y*y/1 —y R21+1 v.y) i Ro1(y,9)

(3.A.2.25)
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3 Constrained dynamics on spherically symmetric backgrounds

where we have used Eq. (3.A.1.8). We next integrate over y from y' — e to ¢ + ¢,

i.e. over an infinitesimal region about the point source, for which we find

1 1 d
AT 302l+1y/2\/ 1—y” [g2l+1<y/) (@fﬂﬂ(y))

1
=T 3C2l+1y 1 —y? W(gas1(t/), far (), ¥)

= —Chpa (3.A.2.26)

— fan () <%gzz+1(y))

y’—j

y'+e

where we have made use of Eq. (3.A.2.8) in going from the second to the third
equality in Eq. (3.A.2.26)). Using this constant, we can write the Green function in

the de Sitter case as
G (V< 9>) Z 92141 (Y<) far41(y> ) Para (cos ) (3.A.2.27)
1=0

where y. = min(y,y’) and y~ = max(y,y’) as before. As mentioned previously, we
have not been able to write this in a simpler form as in the Schwarzschild case. We
can nonetheless substitute for y in Eq. (3.A.2.7). By writing y. = % and y» = 7
in Eq. , we find the following solution in terms of r

~ 1 & 2+ 1 3 5 3r
G (T, 7)) = — ( ) F<l+ l+ 20+ = <)><
< > %ZO > 2 A

1 3
X of (—l —1,-1,-2] — 3 j;) Py 1(cosy).

(3.A.2.28)
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backgrounds

In this chapter, I will generalize the treatment of the previous chapter to stationary,
axisymmetric spacetimes. These backgrounds are endowed with a timelike Killing
vector field £* and a spacelike Killing vector field w®. While these are commut-
ing Killing vector fields, they are not orthogonal to one another. Thus we cannot
construct spatial hypersurfaces orthogonal to the timelike Killing vector field as in
the case of spherically symmetric backgrounds. We can however construct spatial
hypersurfaces orthogonal to a vector field, which is a non-Killing combination of the
two Killing vector fields outside the horizons and Killing at the horizons of the back-
ground. Following this foliation, spatial sections of the horizons of the spacetime
are boundaries of the spatial hypersurfaces, as in the case of spherically symmetric
backgrounds. We define time evolution as the Lie derivative with respect to the
timelike Killing vector field of the background. This ensures that the background,
and in particular the horizons, remains invariant under the time evolution of the
fields. Thus the dynamical evolution of the projected fields do not require any mod-
ification of the usual Poisson brackets. The first section of this chapter describes the
foliation of the background and the definition of time derivatives needed to perform

the Hamiltonian analysis on these backgrounds.
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4 Constrained dynamics on Kerr backgrounds

To determine the role of horizons on the constraints, we perform the Dirac-
Bergmann formalism on the Maxwell field. As in the previous chapter, we find
surface contributions to the Gauss law from the horizons of the background. The
two first-class constraints generate the usual gauge transformations of the theory,
i.e. they are the same as those which leave the Lagrangian invariant. One of the
main subtleties of the Hamiltonian framework on this background involves the con-
sideration of spatial hypersurfaces which are not orthogonal to the timelike Killing
vector. It is thus necessary to verify that our foliation of the Kerr background
provides a Hamiltonian which generates time evolution along the timelike Killing
vector field. By deriving Hamilton’s equations for the Maxwell field, we find that
the Hamiltonian is consistent with the projected Maxwell equations which result

from the Lagrangian.

We finally consider the gauge fixing of the Maxwell field in two gauges. We
first consider the radiation gauge, where the resulting Dirac bracket is shown to
involve the time-independent and axially symmetric covariant Green function of
the background. The other gauge fixing choice we consider is the axial gauge.
In this gauge, we find a Dirac bracket which does not arise in flat spacetime due
to the non-vanishing shift vector of Kerr spacetimes. The inverse matrix of the
Poisson bracket of second-class constraints, needed to construct the Dirac brackets,
involve functions which are not obviously single-valued on the Kerr background.
One of the appendices of this chapter provides the derivation of these solutions
on the asymptotically flat Kerr background in the Boyer-Lindquist coordinates.
The solutions are the Kerr spacetime generalization of the known solutions in flat
spacetime. The surface term in the Gauss law constraint also modifies the expression

for the electromagnetic scalar potential in the axial gauge on Kerr backgrounds.
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4 Constrained dynamics on Kerr backgrounds

4.1 Foliation of Kerr backgrounds

The spacetimes we will consider in this chapter are stationary and axisymmetric,
which may possess one or more horizons (as in the Kerr-de Sitter case). Such
backgrounds admit two Killing vector fields: a timelike £* and a spacelike w® , whose

normalization will be taken to be
L84 = -\,
Wig = f2. (4.1)

The orbits of w® are spacelike and closed, i.e. w® is periodic. The Killing vectors

also mutually commute with one another
[€,w]" = Vi — WPV = 0. (4.2)

Since £ is not orthogonal to w®, we cannot construct spatial hypersurfaces which are
orthogonal to the timelike Killing vector field of the background. We can however

consider the following combination of the Killing vector fields
X" =&"+ aw®, (4.3)

where « is defined through the contraction of the Killing vectors

a= —%fawa. (4.4)

We note that a in general is not a constant. It now follows that this vector is

timelike in the region where \? 4+ o f2 is positive, since
XoX* = —B% = —(\? + % f?). (4.5)

We further note that by construction x* is orthogonal to wy, i.e. x“w, = 0. Despite

being a combination of Killing vectors, x itself is not Killing since

LyGea = 2w Vaa . (4.6)
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4 Constrained dynamics on Kerr backgrounds

We now further assume the stationary and axisymmetric spacetime to be such that
it contains spacelike 2-planes spanned by {u®, v*}, which form integral submanifolds
that are orthogonal to both £* and w® [98]/99]. We will specifically consider this class
of stationary and axisymmetric spacetimes in this chapter, which will be referred to
as Kerr spacetimes. For Kerr backgrounds, x, can be shown to satisfy the Frobenius
condition. From the assumption of spacelike 2-planes orthogonal to both £* and w®

it follows that

f[awbvcwd] =0, (47)

Wa&pVeba = 0. (4.8)
Eq. and Eq. now provide the following condition
WiaXsVeXd = 0. (4.9)
Contracting Eq. with x’w® leads to the following result
Viexdg = —B*XxVa B, (4.10)
Thus x* satisfies the Frobenius condition
XaVoXe = 0. (4.11)

The time coordinate is along x,, which is orthogonal to spatial hypersurfaces we will
denote by ¥. Thus X are ‘equal time’ hypersurfaces of the foliated background. Due
to our assumption that the background has at least one horizon, the boundaries of
these hypersurfaces include at least one surface where 3% = 0. It is known that these
surfaces correspond to the Killing horizons of the background [99]. More specifically,
a is a constant and x° is a Killing vector field on the 32 = 0 surfaces. Thus y® is

timelike in the region outside the event horizon of asymptotically flat backgrounds,
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4 Constrained dynamics on Kerr backgrounds

or in the general case of black hole de Sitter backgrounds, between the event horizon

and the cosmological horizon.

We will denote the mutually orthogonal basis on the spatial hypersurface ¥ by
{f~'we, u*, v*}. We also note that u® and v* are not uniquely determined in general.

The projection operator on X therefore have the following equivalent expressions

hy =05 + 672X "X 4 (4.12)

= [Ty + 1+ VO (4.13)
From Eq. (4.12)), the determinant of the spacetime metric can be written as

v—g=8Vh. (4.14)

Spatial sections of the Killing horizons H are closed, axially symmetric surfaces,

which are submanifolds of . The induced metric on H is given by
Ogb — hab — NgNyp (415)

where n® points into the region where y, is timelike and n,n* = 1. Since the horizon
is axially symmetric and w® is tangent to the hypersurface ¥, it also follows that
new® = 0.

With Eq. we can project any spacetime tensor onto the spacelike hyper-
surface . The projected covariant derivative on the hypersurface will be denoted
by D, = h2V,, which satisfies D,hy. = 0. By definition, we also have the following
projection

Datyq = hi by - he Vo T (4.16)
where T ¢ represents a spacetime tensor, while ¢;¢ denotes its projection on X.
In the Hamiltonian formalism to be described in what follows, we will consider the

time evolution vector to be along £%. Unlike our treatment of spherically symmetric
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4 Constrained dynamics on Kerr backgrounds

backgrounds, the time evolution vector is not along the time coordinate x,. With
our choice, aw® and [ represent what are known as the shift and lapse of the time

evolution vector £*. It is the lapse function # which vanishes at the horizons.

Let W4, A=1,--- N, denote some N spacetime fields on the background. The
action functional for W, is given by the integral of the Lagrangian density £ over

the four volume
S10 = [ dVi L0 Ta04(0), (4.17)

where dV is the volume element of the spacetime, which from Eq. (4.14) can be
expressed as dV' = [ dtdV,. Denoting the spacetime volume element in the or-
thonormal basis by €4.¢ and the spatial volume element of the hypersurface by

®)epeq, we also note that

X€aved = D eped = E%€apea - (4.18)

Thus the projected volume element has the correct form even though time evolution
takes place along £* while it is x* which is orthogonal to Y. Let us now project the
fields U4 and denote them by ®#. From Eq. (4.3), we can write the time derivatives

of the fields ®4 in the following manner
(i)A = £§(I)A:£X(I)A—£QM(I)A. (419)
From a given action as in Eq. (4.17])) we can determine the following projected action

S:/dtz/d‘/x B(x)L(Pa(x), DyPa(x), £ePa(x))

= / dt L(®4(x), Dy ®a(x), £cDa(x)). (4.20)

From Eq. (4.20)), we can define the momenta II4 canonically conjugate to ®*4

= oL (4.21)
oD 4
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4 Constrained dynamics on Kerr backgrounds

As in Eq. (2.9)), the functional derivative is an ‘equal-time’ derivative evaluated on
the hypersurface ¥,
6D 4(Z, 6D (T, t
0PAT) _ 5 5 4y = 22T
0®p(1,1) 6P p(y, t)
The three-dimensional covariant delta function on ¥ in Eq. (4.22)) was defined in

Eq. (2.10) and satisfies

(4.22)

[ nste.ns@o = 1.0, (4.23)

b

We will sometimes write (Z,t) as z, etc. as we have done in the above expressions.
The Hamiltonian formalism and the treatment of constrained field theories now

proceeds exactly as described in Chapter 2 by using the above foliation. As in the

case of spherically symmetric backgrounds with horizons, we expect that the bound-

aries of 2, namely the spatial sections of the Killing horizons of the background, will

modify the constraints with additional surface contributions. This will be illustrated

in the next section through the example of the Maxwell field.

4.2 The Maxwell field

The action for the Maxwell field on curved backgrounds is given by

Sem = /dV4 (—ﬁFachdgacgbd) ) (4.24)

where dV} is the four dimensional volume form on the manifold ¥ x R, and F,, =
0y Ay — 0y A,. By defining the projected fields a, = hl Ay, ¢ = %A, g = —B '\ Feq,
fap = heh¢F,.; and using Eq. (4.14)), we have the following projected action on Kerr

backgrounds

SEM = —/dt/dvxg (fabfab — 2€a€a> . (425)

%
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From Eq. (4.19), we have

A, = LeAy = £, A, — al A, — (Aw®) Vo
= XaFab -+ Vb(Aaga) — aw® ab s (426)

The projection of Eq. (4.26)) on 3 thus provides the following expression for a,
ap = —fPep + Dy + a fraw® . (4.27)

Since gzﬁ is absent in Eq. 1} its conjugate momentum is a primary constraint

oL
P _ b =0, (4.28)
¢
The momenta conjugate to the a; are given by
oL
b EM b
= — 4.29

The canonical Poisson brackets of the theory are

[o(2),7%(y)] , = 6(x,y)
[0a(2), ()] p = 825(x,) . (4:30)

The canonical Hamiltonian follows from the usual definition

He = / AV, (m*a) — L
by

= /de (ﬁ (%Wbm, + ifabf“b) + 7Dy + aﬂbfbaw“) ) (4.31)
5

The Hamiltonian comprises of the usual energy density along with an energy current
ar?® frew® due to the non-vanishing shift vector of the background. This current has
been noted in other considerations of the Maxwell field on foliated backgrounds

involving a non-vanishing shift vector [44,87]. With the aid of a Lagrange multiplier
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vg, we can include the constraint of Eq. (4.28)) in Eq. (4.31) to define the following

Hamiltonian

1 1
Ho = /d‘/;g (6 <§7Tb7i'b + Zfabfab> + WbDb¢ + Oé?bebawa + Uqgﬂ'(b) . (432)
by

4.2.1 The Dirac-Bergmann formalism

We will now determine all the constraints of the theory by implementing the Dirac-
Bergmann formalism. We need to check that the existing constraint of the theory
7® ~ 0, is obeyed at all times. As constraints are densities, they must be smeared
with an appropriate function. By evaluating the Poisson bracket of the smeared
constraint er? with the Hamiltonian, with the smearing function € assumed to be

regular on the horizons, we find

[ iewr ) = [ et [7*0). o],

P 2

— [ty |7, [ dva*@)Dio

b b P

= fda, i) + [ aVetn) () . @33

0% b

In deriving the above result we used the canonical Poisson brackets given in Eq.
and an integration by parts. The n; involved in the surface integral over the horizons
of the spacetime is the unit normal to the surface of the horizon satisfying nyn® = 1
and nw® = 0. Further, in the case of black hole de Sitter backgrounds for example,
the surface integral should be considered as a sum over both horizons, where n, is
outward pointing at the black hole horizon and inward pointing at the cosmological
horizon. The Schwarz inequality tells us that the surface integrand of Eq. is

bounded by a finite quantity. More specifically, we have assumed that € is regular
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and finite at the horizon, while the Schwarz inequality applied to the remaining

terms in the surface integrand produces

‘nbﬂ'b| S \/ \nbnb] |7Tb7Tb| . (434)

Since nyn® = 1 and 7w, is a gauge invariant scalar present in the stress energy

tensor, we see that the surface integral in Eq. (4.33) does not vanish.

Thus all integrals in Eq. (4.33)) are finite and provide the following constraint
0, = —nbﬂb’H 4 Dyr® 0. (4.35)

We note that €2y is a distribution and must be smeared and integrated over the
hypersurface. The notation | symbolizes that the first term of Eq. (4.35) must be
integrated with respect to the area element at the horizons of the background. For

the smeared constraint, we can explicitly write

[V uts) == § dayctwmin't) + [ av, D). @30

) o5 >
In other words, while the bulk term in Eq. (4.35) provides the usual Gauss law
constraint for all points of ¥, the additional surface contribution of Eq. (4.35]) must

be considered for all points at the horizon (0Y%).

Evaluating the Poisson bracket of €{2; with the Hamiltonian reveals that QQ =0
and that there are no further constraints. Thus the unconstrained Hamiltonian is
given by

Hr = [ v, (5 (Ghuf™ + Grn) + o0 (D) + 7Duo + o st + v

2
b

— %dax vinpl . (4.37)

[)))

83



4 Constrained dynamics on Kerr backgrounds

The multipliers v; and v4 may be determined from the equations of motion of ¢ and
a,. The evolution of ¢ is given by

[ avctit) = [avietw) ot mirle = [Vt @39

% % P

which tells us that we can set vy = gb The evolution of a; gives

[ cwints) = [ v, letwyanto). Hal,

x %

= / dVye(y) (By)m(y) + Dyd(y) + afraw” — Divi(y)) - (4.39)

Comparing Eq. (4.39) with Eq. (4.27)), we deduce that Dyv; = 0. With this choice,

Eq. (4.39) reduces to
ap = 571'1) + Db¢ + oszaw“ , (4.40)

Hence the total Hamiltonian takes the form

Hr = /de <ﬁ (ifabfab + %mﬂr“) + 1Dy + an® fraw® + (Z‘ﬁﬂ'd)) ) (4.41)
5

The two first class constraints also generate gauge transformations on the fields.

By evaluating the Poisson bracket of the fields ¢ and a, with the general linear

combination of the constraints A(y) = [ dVye1(y)m*(y) + e2(y)Q2(y), we find that
)

0p(z) = [¢(2), Aly)lp = e1(x)
dap(z) = [ap(x), A(y)]p = —Djea(x). (4.42)
The transformations in Eq. (4.42)) are similar to those resulting on spherically sym-

metric backgrounds with horizons Eq. (3.36). The gauge transformations which
leave the Lagrangian in Eq. (4.24) invariant are 04, = Vye. By projecting this

expression using Eq. (4.12)) we have

) (¢ + ozw“aa) = fXE, 6ab = D{,G . (443)
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Eq. is equivalent to Eq. , provided we identify € (z) = £Lee(x) and
ea(x) = —e(x). We also note that these gauge transformations are valid at the
horizon, since ¢(z) and a,(x) in Eq. can be located at any point x on X,
which includes 0%. The existence of such transformations on 9% is related to gauge
parameters being regular at the horizons, which has been reflected in our choice of

smearing functions.

4.2.2 Maxwell equations

Since the Hamiltonian density is integrated over the hypersurface y, it is not obvious
that the Poisson bracket with the Hamiltonian generates time evolution along £. As
a check, we will here demonstrate that the Hamiltonian does generate the correct
time evolution and is also consistent with the projected Maxwell equations. Using

Eq. (4.12) on V,F = 0, one can find the following equations

£yep = —Da(Bf™) (4.44)

£Xfab = —2D[aﬁeb} . (445)

In order for the formulation provided in Sec. (4.1) to be consistent, Hamilton’s
equations must reproduce Eq. (4.44) and Eq. (4.45)). Using Eq. (4.41)), we find the

following expressions upon evaluating the Poisson brackets
i = [n°, Hr| = Du(Bf*) 4+ D, (a(rw’ — 7Pw®)) — anawawb‘ : (4.46)
H
fab = [faps Hr] = 2D By + 2Dy, (aufpjew) - (4.47)

To proceed, it will be useful to note that since xy%w, = 0, WV, = wD.. Also
from contracting Eq. (4.6), we see that £,a = 0. Thus, £, of any spatially pro-

jected quantity can be written entirely in terms of the spatially projected covariant

85



4 Constrained dynamics on Kerr backgrounds

derivative. Let us first consider £, fa

Lo fab = W Defap + facDo(aw®) + farDalaw®)
= 20w Dy faje + facDp(w®) + feay Do)
= —2Dy, (osz]cwc) , (4.48)
where we used the Bianchi identity Dj.fu = 0 (which follows from Vi .Fy, = 0) in

going from the first equality to the second equality of Eq. (4.48)). Likewise, we find

for £,

b b

Lo = awD.r’ — 1°D.aw

= D. (a(w'r’ — 1°w’)) — aw’D.7°. (4.49)

We used the property that w® is Killing in going from the first equality to the

second equality of Eq. (4.49). Substituting Eq. (4.48)) in Eq. (4.47) and Eq. (4.49)
in Eq. (4.46]), we find

£,70 =D, (Bf?) + aw® (Daﬂ'a — nem”

JEnrh.
°€Xfab == 2D[aﬁ7rb] . (451)

By further substituting Eq. in the above expressions, we get the projected
Maxwell equations given in Eq. and Eq. . The hypersurface X of Kerr
backgrounds should be contrasted with those considered for spherically symmetric
backgrounds, where the time evolution vector is orthogonal to the hypersurface. In
the spherically symmetric case where there was no shift vector, Eq. would
hold throughout phase space and not just on the constraint subspace. While this
is an interesting point to consider, this is of no consequence from the standpoint
of constrained Hamiltonian dynamics. Thus the foliation and time evolution as
presented in Sec. of this chapter are consistent with the covariant Maxwell

equations.
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4.2.3 Gauge fixing

We will now fix the gauge of this theory in two different ways, first by adopting the
radiation gauge and then the axial gauge. In the radiation gauge, the full set of

constraints are

0, =7x°
Qy =D, 7% — n,a°
H
Q=10
Q4 = D (Bay) . (4.52)

The first two are the gauge constraints of the theory given in Eq. (4.28) and
Eq. (4.35), while Q3 and €4 are the gauge-fixing functions. The constraints are
now second-class and require the construction of Dirac brackets. The non-vanishing

Poisson brackets of the constraints in Eq. are
[Ql(x)a Q3(y)]P - _(5(I, y) )
[Q2(2), Qu(y)]p = Dy (By)Dyd(x,y)) - (4.53)

The first Poisson bracket is simply the canonical relation given in Eq. (4.31]). Using
two smearing functions v and e which are regular on the horizons of the background,

the second Poisson bracket is calculated as follows

[ v, [ amom)]
- { / dVy (Diy(x)) (), / dV,B(y) (Dye(y)) ab(y)}
= - / dV,B(y) (D4y(y)) (Dye(y))

—— § dayely)myB(0) (D) + [ dVyew)D (BIDIG). (@5

P
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4 Constrained dynamics on Kerr backgrounds

By using Schwarz’s inequality on the surface integrand, we find

[n8Da (7)|” < [nna| B2 (Day) (D*7)]

= % (D7) (D*) - (4.55)

Due to the presence of 32, the surface integral vanishes and only the second term in
the last line of Eq. (4.54) contributes. The Poisson bracket in Eq. (4.54) can thus

be written as

[/ dl/;v(x)Qz(x),/d‘@G(y)Qd?J)} = /dVyﬁ(y)/dVaﬁ(l") (Dy (B(y)DYo(x,y))) .
(4.56)

which is the result given in Eq. (4.53). The matrix of the Poisson brackets between

P

these constraints have a non-vanishing determinant and is invertible. This matrix

Cag (2, y) = [Qa(2), 25(y)]p is given by

0 0 —d(x,y) 0

Cly) = 0 0 0 DY (B(y)Dyo(x,y))
o(z,y) 0 0 0
0 —DY(B(y)Ds(x,y)) O 0

(4.57)
The Dirac brackets require the inverse of the matrix given in Eq. (4.57)). This bracket
was defined in Eq. (2.21)) for any two dynamical entities A and B (which may be

functions or functionals on phase space)

[A7 B]D = [Av B]P - /qu/d‘/U [Aa Qa(u)]PC(;ﬁl (U,,U) [Qﬁ(v)’ B]P : (458)

Thus we need to find the inverse of the operator DY (ﬂ (y)DZ) Let us formally write

the inverse as G(z,vy), i.e.

DY (B(y) DG (z,y)) = =6 (z,y) . (4.59)
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4 Constrained dynamics on Kerr backgrounds
By projecting the spacetime Laplacian operator, we can derive the following identity
V.V°G = 87D, (BD'G) — B7%G — 20872 £,G — ?BT2LEG, (4.60)

where for simplicity we have dropped the explicit dependence on the coordinates.
We now observe that when G is independent of time and £,G = 0, we have
V.VeG = 571D, (,BDbG). From Eq. |D it follows that the time-independent

and axisymmetric covariant Green’s function which satisfies
ViV, Gla,y) = =By) " o(z,y) (4.61)

is equivalent to Eq. (4.59). Thus the inverse of the matrix in Eq. (4.57) Cy5(z,y) is

given by
0 0 d(z,y) 0
0 0 0 G (x,
(o) = oy (4.62)
—d0(x,y) 0 0 0
0 —G (z,y) 0 0

We can substitute Eq. (4.62) in Eq. (4.58]) to find the following Dirac bracket for
the fields

[aa(2), 7" ()], = 0(z,9)0, — Df (B(y)DyG (2,y)) - (4.63)

This Dirac bracket might have the same properties as the radiation gauge Dirac
brackets considered on spherically symmetric backgrounds. However, unlike the
Green function of the spacetime Laplacian operator on spherically symmetric back-
grounds, there is no known Green function of this operator on Kerr backgrounds
which is defined for all points at and outside the event horizon of the black hole.
Thus we cannot consider the limit of this bracket on some particular axisymmetric

spacetime when any one of its arguments is at the horizon.
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4 Constrained dynamics on Kerr backgrounds

Given that our background is axisymmetric, it will also be interesting to consider
the axial gauge. Our consideration of the axial gauge will generalize the treatment
provided in [81] about flat spacetime. We adopt the basis { f ~2w?, u®,v*} described
in Sec. and will consider Eq. in the following equations. The ‘2z’ direction
of the axial gauge can be represented by either p* or v* in the y— v plane. Choosing

our direction to be along u®, we have the following set of constraints in this gauge

Ql = 7T¢
Qy = Dy’ — nbﬂb‘
H
Q3 = ,uaaa
Qu = p*Dy + Bulmy + ap® fuew . (4.64)

We have chosen Q4 to be Q3 = [, Hr]p using Eq. (4.41). The constraints now

lead to the following non-vanishing Poisson brackets

[Q(z), U(Y)]p = —p*(y)D4o(z,y) = [Qu(), 1 (y)]p ,
[Q(z), W(Y)]p = n*(y)D4o(x, y) = [Q(x), Q(y)]p ,
[€23(), Qu(y)]p = By)d(z,y) - (4.65)

The bracket [22(x), €4 (y)] vanishes in the absence of torsion since

[, [avdo]
— [ D01} (ala)e(o) (2} () ~ (@) ()

- f 0Dz @) (ale)e(o) (@) ()
= — / dVya(z)e(z) (1°(v)w(z) — p*(z)w’(z)) DEDE(y(x))

=0. (4.66)

P
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4 Constrained dynamics on Kerr backgrounds

The Poisson brackets of (4.65) provide the following matrix

0 0 0 —p(y)D4o(z, y)
Clrny) = 0 0 1 (y)Dyo(z,y) 0
0 1 (y)Dgo(z,y) 0 By)o(z,y)
—n*(y)DYo(z, y) 0 —B(y)o(z, y) 0
(4.67)

The inverse of this matrix is needed for the Dirac brackets, which we denote as

0 —p(z,y) 0 q(z,y)
C_l($ y) _ p(x7y) 0 _q(x7y> 0 (4 68)
7 0 —q(z,y) 0 0 7 .
q(z,y) 0 0 0

where p(x,y) and ¢(z, y) are two arbitrary functions defined on the Kerr background.
By evaluating [ dV,C(z,z)C ! (z,y) = d(x,y), we find that these functions must

satisfy

1 (y)Dig(z,y) = —d(x,y) (4.69)

1w (y)Dip(z,y) = —B(y)q(z,y) (4.70)

The expressions for p and g on the asymptotically flat Kerr background in Boyer-
Lindquist coordinates has been derived in Appendix [4.B] While we have not derived
these functions for more general Kerr backgrounds, such as Kerr-de Sitter for ex-
ample, we believe that the techniques used in Appendix [4.B] are sufficiently general
to provide the solutions in such cases. Using the matrix of Eq. , we derive the
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4 Constrained dynamics on Kerr backgrounds

following non-vanishing Dirac brackets for the fields

[6(x), as ()] p = 1(y) B(y)a(z, y) + Dyp(z,y) (4.71)
[0(2), 7 (W)] , = DY (a(y)a(z,y) (1 (y)w’(y) — 1* ) (y)))

— nla(y)a(e, ) (W W) W) | (472)
[av(@), 7°(Y)] p = 656 (2, y) + 1Y) Dya(z, y) - (4.73)

The Dirac bracket in Eq. is not present in flat space results following the axial
gauge. It exists on Kerr backgrounds due to the non-vanishing shift vector, while the
surface terms are due to the presence of horizons. All of the above Dirac brackets
are in fact distributions, which need to be integrated over ¥ for both arguments,
x and y. The surface term in the second bracket implies that the integral over y
is over the horizon area, while the integral over z is a volume integral. To clarify
this result, the derivation of Eq. has been provided in Appendix . Eqgs.
- ensure that all brackets involving u“a, and the other constraints of
Eq. identically vanish. Following the implementation of Dirac brackets, all of
the constraints in Eq. vanish throughout phase space. The Hamiltonian in

Eq. (4.41)) after imposing the constraints of Eq. (4.64) now becomes
1 ab 1 -2, a a b -2, a a b
Hr= [dV, | S Zfabf + §(f wiwy + V)T | + (f 7w wp + v 1) Dath
5
1 a b c, b a
—§ﬁ,u ot Ty + avpVm fraw® | . (4.74)

The axial gauge on Kerr backgrounds can also be shown to modify the expression

for the scalar potential ¢. From the expressions of 2, and €4 of Eq. (4.64)), we have

Db(f_wawaﬂa + I/bl/aﬂa) - (nbvbuaﬁ“) |

=D, (B_l,ubu“ (D¢ + o foe®)) — B b p® (Dad + a fae®) |3 - (4.75)
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4 Constrained dynamics on Kerr backgrounds

From Eq. (4.75) it follows that ¢ depends non-trivially on 7° at the horizon, in
contrast with results either about flat spacetime or curved backgrounds without

horizons.

4.3 Discussion

In this chapter, we considered the constrained dynamics of field theories on Kerr
backgrounds and have argued that the constraints will involve contributions from the
horizons of the background. This was explicitly demonstrated through the Maxwell
field, where the Gauss law constraint was shown to involve horizon contributions.
In the previous section, we also demonstrated that gauge fixing the theory can lead
to additional implications on the fields and their dynamics due to the horizons of
the background. As in the spherically symmetric case, the surface contributions are
not generic to arbitrary boundaries. In considering spatial boundaries for example,
the boundary is either located within the manifold or, as in the case of spatial
infinity, constitutes the physical end on the manifold. Thus, either surface terms
exist on both sides of a spatial boundary and cancel out, or the boundary represents
the physical end of a manifold. In this case, the smearing functions must vanish
to ensure the regularity of the fields. Such conditions on smearing functions do
not hold on the horizons, which thus contribute non-vanishing surface terms in the
constraints. Gauge fields can be completely arbitrary at the horizon, provided gauge

invariant observables constructed from them remain finite.

As in the case of spherically symmetric backgrounds considered in the previous
chapter, the modified Gauss law allows for a non-vanishing flux within X, which

vanishes at the horizons 0. In the case of Kerr backgrounds, the momenta 7°
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4 Constrained dynamics on Kerr backgrounds

involve both the physical electric and magnetic fields
7Tb — _eb — ﬁflxaFab
= B F™ + aw, F™. (4.76)

The integration of the Gauss law will provide an expression for the physical charges
and currents. We will refer to these contributions as the conserved charge and denote
it by @ in the following. We consider a subregion g of the hypersurface 3, whose
(spatial) outer boundary will be denoted as 0¥ and whose inner boundary is the
black hole horizon, denoted as 0¥ y. Then the charge enclosed in this region is

QB/92 %nbw—j{nanrfnwb

823 GEH 82:H

— ]f nym? (4.77)

0Xp

In the first line of Eq. (4.77), f denotes the surface integral due to the surface

term in the Gauss law constraint, following the notation introduced in the previous
chapter. Thus an observer at any bulk point in 3 will observe a non-vanishing
charge and current. Taking the limit of the outer boundary to the event horizon,

we find that the expression for the charge vanishes

Qu=__lim Q@Qp=0 (4.78)
This results from a missing surface term contribution in Eq. (4.77) which has a
non-vanishing limit at the horizon. We can also consider backgrounds with a cos-
mological horizon denoted by 0¥ and radius r¢ > rgy. The integral of the Gauss
law constraint now provides an expression for the total charge, which vanishes since

Q= /Qg 7{ nym’ — j{ npm’ + f nym’ — f nym’
820 82}[ 821-1 820

—0 (4.79)
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4 Constrained dynamics on Kerr backgrounds

As in the case of spherically symmetric backgrounds, we see that while a non-

vanishing flux exists in the bulk of ¥, it vanishes on the horizons 93:.

Apart from the observed charges on the background, another consequence of the
modified constraints involves the gauge fixing of the theory. In Sec. (4.2) we consid-
ered two gauges - the radiation gauge and the axial gauge. For the radiation gauge
considered in Eq. , we chose the covariant generalization of the gauge adopted
in flat space. Unsurprisingly, the Dirac brackets for a, and 7 in Eq. is the
covariant generalization of the flat space result, involving the Green function of the
spacetime Laplacian operator. Unlike the Schwarzschild background, the solution of
this Green function is not known about Kerr backgrounds. We can however expect
that the radiation gauge in the absence of surface terms involves the same inade-
quacy as was noted in the case of the usual radiation gauge about the Schwarzschild

background. We could therefore always include an additional non-vanishing surface

term n’ay|y to the constraint Q4 ~ 0 in Eq. (4.52)). This gives
Q4 = Db (ﬂab) — le&b‘}[ s (480)
We now find that the Poisson bracket [2s(z), Q4(y)]p has the following expression

[2(2), Q)] p = D (B(x)Dgo(2,y)) — 1aDo(, )l - (4.81)

The resulting Dirac bracket will now require the Green function for the operator
involved in Eq. , which has a non-trivial surface contribution. This is simi-
lar to the Green function for the inverse spatial Laplacian considered in the case
of spherically symmetric backgrounds, which did affect the Dirac brackets of the
Maxwell field at the horizon as noted in Eq. . This result is not specific to
the radiation gauge. We also noted that the Dirac bracket resulting from the axial

gauge, given in Eq. (4.72)), has a non-trivial surface term which affects its limit at
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4 Constrained dynamics on Kerr backgrounds

the horizon. Likewise, the expression for the scalar potential in this gauge which fol-
lows from Eq. also involves corrections from the horizons of the background.
These results, while indicative of horizon effects on the dynamics and quantization
of fields, are nevertheless gauge dependent. Covariant and gauge invariant implica-
tions of fixing fields at the horizon may be determined by working within the BRST

formalism. This will be considered in the following chapter.

4.A Derivation of the Dirac bracket [¢(x),7"(y)] ,

The Dirac bracket provided in Eq. (4.72]) involves a surface term, which we will now
clarify by providing the steps in its derivation. From Eq. (4.58)) we have

[6(@), 7" ()], = - / dv, / AV, [(x), Qa(w)]p Cos (,0) [A(v) . 7 ()] -
(4.A.1)
where we made use of the fact that [¢(z), 7°(y)] , = 0. The expression in Eq. (4.A.1)

simplifies to

[¢($)7 Wb(y)]D = - / qu / d‘/v [¢(z)’ Ql (u)]P C’1_41 (U, U) [94(0) 77Tb(y)}p .
(4.A.2)
The Dirac bracket requires the Poisson bracket [Q4(v),7"(y)] . Its expression can

be determined through the use of smearing functions v and e which are regular at

the horizon. We find

{ / AV () (), / d‘/ye(y)ﬂb(y)}

P

= ]{ dagnge(a)y(w)a()p (@)’ (z) - / dVye(2) Dy (a(@)y(z) (1 (2)w’ (@) — 1’ (2)w(2)))

— [ @Vir(@) (ala) (4 (@)"(a) ~ (@) (0))) Dielz)

= [Qu(2), 7)) = al@) (1" (@) (2) — g (2)w"(2)) Did(a,y) . (4.A3)
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Eqs. (&64),[@A3) and can now be used to find the expression
9(0), 7)), =~ [ Vbl w)au,v) [ dVaa@) ) (0) - i (@) D350 )
— [ dVeafe,0)a(0) (1 0 0) ~ W0 (0) D20,
=~ da,3(0, (e, o) (0" ()
+ [ V80,0 (gl D)alo) (@t 0) ~ @) ()
(4.A.4)

Recalling that the brackets are in fact densities which need to be integrated over

the hypersurface for both x and y, we can express the result of Eq. (4.A.4]) as given

in Eq. (4.72).

4.B Axial gauge functions in Boyer-Lindquist

coordinates

We will now explicitly derive the function ¢(z,y) following Eq. (4.69). The Maxwell
field is assumed to be defined on the Kerr background, for which we will adopt the
usual Boyer-Lindquist coordinates (¢, 7,0, ¢)
A — a’sin*0 2 asin®f
ds2, = — (%) dt? + a;;“ (A =12 — a?) dtdo

sin’6
07

2
((r* 4+ a®)* — Ad’sin’0) d¢* + %er +p%do?,  (4.B.1)

where

A =1r?—2Mr +a?, p* =12+ a’*cos’d (4.B.2)

with M being the mass of the black hole and a the angular momentum per unit

mass. In these coordinates, » and # span the integral 2-submanifolds of foliated
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Kerr spacetimes, which are orthogonal to both &, ((dt),) and w, ((d¢),). In Sec.
we noted that the axial gauge analysis could be carried out for any of the basis
vectors of this submanifold. Here we will demonstrate this by deriving the function
q(z,y) separately for the cases u® = (0,)* and u® = (9)*. From the inverse metric

in Boyer-Lindquist coordinates, we have

(0,)* = (0,%,0,0) : (89)* = (0,0,p71,0) . (4.B.3)

Likewise, the metric components of Eq. (4.B.1]) provide the following definitions

A — a%sin’f

2
A= — 7
-2
afzz—as;le(A—rQ—cﬂ)
SRR LR 2,02
f — ((r* 4+ a®)? — Ad?sin®f) | (4.B.4)
p

as well as the following expressions for 8 and vh

B i — 4Mr (a® + 1r?) )
B=+-(02+a2f2) = (1+A(a2cos(20)+a2+27"2))

_ 7
Vh= E (4.B.5)

Since Eq. (4.69) involves a delta function source, it will be convenient to first re-

=

express it in terms of a second-order differential equation. For the case where p* =

(0,)%, Eq. (4.69) can be explicitly rewritten as

VALP) sy L s NS e — o
p(rl, 6/) ar’(ar’l( ) )) o h(?”,, ‘9,) 5( )6<0 0 >6<¢ (b ) y (4B6)

where we have chosen ¢(7,7") = 0,1(7,7") and have considered the source at a fixed

point 7. We now assume the following ansatz. We now assume the following ansatz

17 7)) =1(r,0,7r")8(0 —0)d(p — ¢'), (4.B.7)
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which simplifies Eq. (4.B.6) to

&e—ym%ﬂyﬁuwwwﬁﬂﬁy:——Eénﬂar—wmw—eq. (4B.8)

The solution for I(r,0,7") follows by first considering the homogeneous equation

Oy (0 R(r,0,7")) = 0, whose general solution is
R(r,0,r") = Cy(r,0) + Ca(r,0)r". (4.B.9)

Denoting the horizon radius as rg, the solution Cy(r, 8)r’ is found to be valid only in
the region ry <1’ < r (since it diverges in the region r’ > r). The solution C}(r) is
valid everywhere on . By matching these solutions at the point » = r’, the general

solution for I(r,r’) can then be written as
[(r,0,7") = C(r,0)r (r' <r)

=C(r,0)r (r'>r). (4.B.10)

Substituting this solution in Eq. (4.B.8]), integrating ¢’ over its entire range and 7’
from r — € to r + €, we find that C(r,0) is given by

C(r,0) = (f(r,0)p(r,0) " . (4.B.11)
This leads to the general solution
U7 7) = 6(0 = 0)5(6 — &) (f(r,0)p(r,0)) ' (' <)
=50 —60)5(¢0— &) (f(r,0)p(r, o) r (' >7). (4.B.12)

Differentiating this solution with respect to 1’ gives

1

W@(r—r) 60 —0Y(p — ¢'), (4.B.13)

q(7,7) =
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where O (r — r’) has the property that it is 1 when ry <’ < r and 0 elsewhere.
We can also consider the case where u® = (9y)® in Eq. (4.69). In this case, Eq. (4.B.6))

becomes

1o (r' 00 (Opl (7, 7)) = —;6(7“ — 150 —0")o(p — ). (4.B.14)
h(r',0")
By using the ansatz
(7, 7)) =1(r,0,0")0(r —r")o(p — &) (4.B.15)

and performing the analogous procedure described above, we find the following
general solution for ¢(7, ")

A(r,0)
f(r,0)p(r,0)
where O (6 — ') is now just the ordinary Heaviside step function. Using the solutions

given in Eq. (4.B.13)) and Eq. (4.B.16)), we can proceed to solve Eq. (4.70) when p®
is either (0,)* or (0p)*. We can alternatively rewrite Eq. (4.70]) as

q(7,7) = OO —0)o(r—r)o(¢p—¢), (4.B.16)

1 (y)DY (B~ () (y)Dip(x,y)) = 6(x,y) (4.B.17)

and solve p(z,y) using the procedure given above. The solutions for p(z,y) about
the Kerr background, when u® is either (0,)® or (Jy)*, are not as simple as those of

q(z,y) and involve elliptic integrals. In the case of pu* = (Jy)?, the equation is

1 - / 1 _ 1 ! o Y
P 9/)89 (B Y, 0" o 9,)8929(7" ))_—h(r’,e’)(S(T )00 —0)d(p — ¢'),
(4.B.18)
whose solution is given by
A 0 a227’A2 2
p(7,7) = — 21 9) dc: )> 5(r—1")3(¢ — &), (4.B.19)

f(r,0)p(r,0) 2(a®+ r?)
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where F (0’ }kz) is known as the elliptic integral of the first kind. The solution of
Eq. (4.70) when p® = (0,)* involves elliptic integrals with much more complicated
arguments and we were unable to find a simple expression as in Eq. (4.B.19). How-

ever in all cases, the functions p and ¢ are curved spacetime generalizations of the

p(z,y) and ¢g(z,y) known in flat spacetime without boundaries [81].
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5 Hamiltonian BRST treatment of

constrained field theories

In the previous chapters, we demonstrated that the constraints of field theories are
modified through contributions from the horizons of the background. Horizons were
shown to affect the charges and via gauge fixing, the Dirac brackets of the theory.
While our results for the Dirac brackets indicate that dynamics are affected by fixing
fields at the horizons, they nevertheless depend on the choice of gauge. As discussed
at the end of Chapter 2 of this thesis, the Dirac-Bergmann formalism also does not
provide an ideal setting to investigate quantum properties of certain theories, such
as in the case of the Yang-Mills field for example. The quantization of constrained
field theories is best addressed within the BRST formalism [79.95}/100-104], which
is manifestly unitary and gauge invariant. Our treatment in this chapter is based on
the Hamiltonian BRST framework [79.,/95], through which the modified constraints
derived using the Dirac-Bergmann formalism can be appropriately considered. This
framework will in particular allow us to determine the effect of horizons on physically
observable fields and the renormalizability of gauge theories. In the next section,
we will extend the Hamiltonian BRST formalism on flat spacetime to spherically
symmetric backgrounds with horizons. The definitions we adopt will provide the

usual covariant action in the absence of any surface terms.
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5 Hamiltonian BRST treatment of constrained field theories

As examples, we will consider the Yang-Mills field and scalar electrodynamics.
In both examples, we first derive the constraints and find the presence of horizon
contributions to the Gauss law. We then extend the phase space to include the
ghosts and their conjugate momenta. The BRST invariant path integral follows
from the definitions of the BRST charge operator and the gauge fixing function. We
find that the BRST transformations of the fields do not involve corrections from
the horizons of the background. We then consider a gauge fixing function which
corresponds to the radiation gauge with a horizon contribution and use it to derive
the BRST invariant action. This gauge fixing choice leads to surface integrals at
the horizons in the ghost and gauge fixing effective actions of the theory. By using
the Zinn-Justin equation, we demonstrate that the renormalizability of all gauge

theories of the Yang-Mills type are not affected by the presence of horizons.

The horizons of the background could also have interesting consequences on the
physical states of the theory. We explore this aspect in the scalar electrodynamics
example through the construction of a co-BRST charge. This charge is conserved,
nilpotent and allows for a resolution of the (physical) singlet states of the Hilbert
space. The co-BRST charge also provide expressions for dressed charges, which have
been used to describe the static charges of scalar electrodynamics on flat spacetime.
The presence of surface terms from the horizons in the gauge fixing function will be
shown to modify this dressing and hence the description of the static charges of the

theory, especially near the horizons.

We conclude this chapter with expressions of the globally Lorentz covariant ef-
fective actions of the Yang-Mills field and scalar electrodynamics, corresponding to

the derived BRST invariant projected actions of the previous sections.
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5 Hamiltonian BRST treatment of constrained field theories

5.1 Hamiltonian BRST formalism

We will now briefly review the Hamiltonian BRST formalism for constrained field
theories based on the treatment in [79,95]. To proceed, we will first recall some

material from Chapters 2 and 3 of this thesis.

5.1.1 Foliation of spherically symmetric backgrounds

The constrained field theories we will consider are defined on fixed spherically sym-
metric backgrounds with one or more horizons. The timelike Killing vector field
£ of the background, normalized according to £%€, = —\2, allows us to foliate the
spacetime into a one parameter family of spatial hypersurfaces . The induced

metric hy, on ¥ and the projection operator h® are given by
hay = Gab + AN 26aly,  hif = 0p + X776, . (5.1)

We will denote the Killing horizons of the background as H. The spatial sections of

‘H are submanifolds of ¥, with induced metric o,, which can be written as
Oab = hab — NNy (52)

where n® is the unit spatial normal to the surface of the horizons of the background,
which points in the direction of increasing time. In this chapter, we will also consider
the null normals of H defined in spacetime. We recall that the projected metric g,

of any null hypersurface of M can be written as
6ab = Gab + lakb + lakb s (53)
where [, and k, are two null normals of the null hypersurface which satisfy

Ll =0 = kok® | k"= —1. (5.4)
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5 Hamiltonian BRST treatment of constrained field theories

On the spherically symmetric backgrounds we are considering, we can describe [,
and k, in terms of the normalized timelike Killing vector field A~1¢, and the unit

spatial normal n, to the spatial sections of the null hypersurfaces

1 1
la:_)\_la al ka:_
VAR %

These expressions holds for all null hypersurfaces of the background, including H.

We can now use Eq. (5.5)) to write n, as

(A —na) (5:5)

(la - ka) (56)

Ng =

V2
Using Eq. (5.5) in Eq. (5.3]) and then projecting with h{ given in Eq. (5.1)), we find

the following projected null hypersurface metric o4, on 3
Ogb — hZth&Cd = hab — NgNyp (57)

which agrees with Eq. (5.2]). We will use Eq. (5.6)) to provide covariant expressions

of the surface integrals in the effective actions derived in this chapter.

5.1.2 Hamiltonian BRST formalism for constrained field theories

Time derivatives are defined as the Lie derivative with respect to £*. Beginning
with any action for a given field theory, we can define the Hamiltonian on ¥ and
apply the Dirac-Bergmann formalism to determine all the constraints of the the-
ory. The fields can either have an even or odd Grassmann parity, which will be
particularly important in this chapter. Hamiltonian dynamics are governed by the
graded Poisson brackets defined in Eq. , which satisfy the identities and re-
lations given in Eq. . We assume that any second-class constraints resulting

from the Dirac-Bergmann formalism have been eliminated through the construction
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of Dirac brackets. In this case, the result of the Dirac-Bergmann formalism is the
total Hamiltonian (involving the first-class constraints €2, and their multipliers v*)
Hy = / dV, (Ho+0'Q,) . (5.8)

¥
with dynamics defined by graded Dirac brackets. In what follows, we will simply

refer to the graded brackets following the Dirac-Bergmann formalism as Poisson
brackets. We further restrict our attention to theories whose first-class constraints

satisfy a Lie algebra
[Qaa Qb]P = Ongc 5
[Ho, Q] p = V' Qy, (5.9)

where C¢, and V;* are constants. The Hamiltonian BRST formalism will be described
in this section for theories so defined in phase space. We refer the interested reader

to [95] for further information on the Hamiltonian BRST approach.

In the Hamiltonian BRST formalism, we first construct an extended phase space
through the definition of additional fields and their momenta. The multipliers and

their conjugate momenta are treated as canonical variables which satisfy

[ (2), m (Y)]p = G0 (2, y) - (5.10)
7 are constraints of the theory in the extended phase space. Two additional fields
and their momenta are introduced. The first pair comprise the ghosts C* and their
canonically conjugate momenta P,, which are equal to the number of first-class
constraints €2, and of opposite Grassmann parity. The second pair are the antighosts
C, and their canonically conjugate momenta P?, which are equal in number and the
opposite Grassmann parity of the constraints m;. The ghosts and antighosts satisfy

the following Poisson brackets

[Py(2),C*(W)]p = =05 0(x,y) = [P*(2),C(y)] (5.11)
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with all other brackets involving the C%,P,,C, and P® vanishing. The extended
phase space has an additional structure corresponding to the ghost number. The

ghost numbers of the fields in phase space are

gh (C") =1=gh (P) ,

gh(P,) =-1=gh(C,) , (5.12)

where gh() indicates the ghost number. The ghost number of all other canonical
fields vanish. Given the extended phase space, we will define the Hamiltonian BRST

charge Q)grsT on spherically symmetric backgrounds as

Quesr = [ Vi (€*@u(a) + FPACECIC ) — P a)) ) . 6.13)

by

The BRST charge is Grassmann odd and has ghost number gh(Qgrst) = 1. BRST
transformations of the fields are generated by its Poisson bracket with Qgrst. Given

a functional of the fields F', we will denote its BRST transformation by sF

SF = [FaQBRST]p . (514)

If F' has ghost number v* and mass dimension d*, then sF' has ghost number v* + 1
and mass dimension d* + 1. The BRST transformations generated by QJprst in
Eq. are similar to the gauge transformations in Eq. generated by the
first-class constraints €2,. The crucial difference with the first-class constraints comes

from the closure of the BRST charge off-shell, i.e. throughout phase space

[@BrsT , @BRST]p = 0. (5.15)

Since the BRST charge is Grassmann odd, Eq. (5.15) is simply Q%rer = 0. Hence
BRST transformations are nilpotent, i.e. s?F = 0 for all . From Eq. (5.15)) and the
Jacobi identity, we also have [[F', Qprsr]p , @Brst)p = 0. Thus any BRST invariant
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quantity is known up to a Poisson bracket [F', Qgrsr]p. In particular, we can define

the following effective BRST invariant Hamiltonian

Hepp = Ho — [V, Qprsrlp (5.16)

where ¥ must have the same Grassmann parity of Q)grsT and opposite ghost number
gh(¥) = —1, but can otherwise be specified arbitrarily. ¥ is a gauge fixing function
in the Hamiltonian BRST formalism. By using the Legendre transform with the
Hamiltonian in Eq. , we can define the following BRST invariant effective
action
Sepp = /dt/de (1144 + 7y, + PCo + PC = Hegy ) - (5.17)
b

We note that “effective action” here does not refer to any consideration of renor-
malizability. The “quantum effective action” will be clearly defined later on in this
chapter. Since ¥ can be specified arbitrarily, physical processes are independent
of the choice of gauge fixing. This further implies the Fradkin-Vilkovisky theo-
rem |102}/103], where the following path integral over all the canonical variables of

the extended phase space p” = {® 4,114, 7%, v*,C*, P, ,C,, P}

) a ?

Z = / [Dp'] exp (iSess) | (5.18)
is independent of the choice of W. In most cases, especially in the derivation of the
covariant action, ¥ can be represented as

- / AV, (iCa(2)x* (2) + Pala)v(2)) | (5.19)

%

where x4 is a function which is independent of the ghosts. The covariant effective

action can be derived by using Eq. (5.19) in Eq. (5.16) and Eq. (5.17)), followed by
an integration of the momenta of the theory in Eq. (5.18). This will be considered

in the following sections for the Yang-Mills field and scalar electrodynamics.
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5.2 The Yang-Mills field

5.2.1 Derivation of the Gauss law constraint

We will now consider the specific example of the Yang-Mills field on spherically sym-
metric spacetimes with horizon(s). This subsection will use the formalism described

in Chapter 3 of this thesis. The action for the Yang-Mills field is given by

SYM = /d‘/;l (_iF;})FAcdgac bd) ) (520)

where dV} is the four dimensional volume form on the manifold ¥ x R (with metric
gab), Which upon following Eq. can be expressed as dV; = AdtdV,. The field
strength of the Yang-Mills field F}, = 0,Af —9,A2 — gCA AP AS | is defined through
the structure functions C4,. We are thus dealing with the general SU(N) case in
a basis A4 which satisfies Tr (AyAp) = 24p and [Ay, Ap] = C{5Ac, where d45 is
the Kronecker delta function.

Defining the projected fields a2 = hAfl, ¢ = €242 el = —A\"1EFA and

A4 = hehiF4 | we can write the projected action as
A A rab A_a
Sy =— [ dt dV’*’Z (fLHfL —2eieq) . (5.21)
b

The expression for a;' follows from the Lie derivative of a? with respect to the

timelike Killing vector field &°
ay = Leay = —Nejt + Dy + gChodPal . (5.22)

From Eq. (5.21)), we have the following momenta of the theory

8LEM - b

b _
Ty =
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The canonical Hamiltonian is then

HC:/dV (el — L

by

= Hy + / AV, (74 Dyo™ + gChemhias ¢7) | (5.24)
%
where we have defined Hj as

1
HO = /de ()\ (27TA7Tb + fa ) +7TAD[)¢ +gCBC7TAab¢ ) (525)
b

This definition of Hy will be relevant in the Hamiltonian BRST treatment. Since ¢4

is absent in the Lagrangian, Wﬁ ~ 0 is the only primary constraint. Following the

Dirac-Bergmann formalism, this constraint is added to the canonical Hamiltonian

with the aid of a Lagrange multiplier vq‘;‘ to define a new Hamiltonian
1
e [ (3 (ot + i) s v it ). o

The canonical Poisson brackets of the theory are

6" (@) Th(y)| = 033(w,y)

[ai'(2), 75 ()], = 050;0(x, y) - (5.27)

The Dirac-Bergmann formalism now requires us to check #fl ~ 0. The time evolu-
tion of Wﬁ is evaluated through its Poisson bracket with H by using a set of smearing

functions €4 as follows

110



5 Hamiltonian BRST treatment of constrained field theories

- / 4V, (y) / D)DE 6B () + gOButy(x)af (2)6P (x)

—— f da, i) + / 4V, M) (DI () — gC R ()al ()
o »

(5.28)

A

When the smearing functions €* are regular on the horizon, as we have assumed

throughout this thesis, the surface integral is finite. Thus Eq. (5.28)) provides

/ AV, () () = 74 dagne ()t (1) / 4V, () (Dimh(x) + 9Oy (x)af (x)) ~ 0.
D ox. D) (5.29)

We can therefore express {254 as

Qon = anZ)H — Dy + gCLmhal =~ 0. (5.30)

The notation

N indicates that the corresponding term is the surface contribution
to the constraint. Eq. is a distribution which requires that we smear and
integrate it over a given volume of the hypersurface ¥. Thus smearing Eq.
with functions e* which are regular at the horizons and integrating over ¥ gives
Eq. . Including Eq. in the Hamiltonian with its own Lagrange multiplier,

we can write the total Hamiltonian as

Hr = Hy+ %dax ny (¢ + vyl + /d‘/; (U(?’/sz — (¢" 4+ v3) (Dprty — ngCW%af))

0% %
:H0+/dl/; (((b +U2)QQA+U¢7TA> (5.31)
%
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Using smearing functions which are regular on the horizon, it is straightforward to

demonstrate that €24 satisfies the following relation

[Q24(2), Q25(y)] p = 9CTQ2p(2)d(z,y) , (5.32)

from which it follows that

/ AV, [e(y)Qaa(y), Hrlp = / dVye(y) (¢ () + v3’ () 9CEEQp(y)) ~ 0. (5.33)

by by

Hence there are no further constraints. The Poisson bracket [fo , 9 B] ~ 0, con-
P

firms that all the constraints are first class.

From a general linear combination of the first class constraints e'r% + {4, we

can find the following non-vanishing gauge transformations

A_ A
Sa; = Dyed + gChcas €

oty = gCLpmbed (5.34)

We can also determine the Lagrange multipliers. From the Poisson bracket [qﬁA, HT] P

we can identify v(‘;‘ — ¢4, Likewise, the Poisson bracket [af,HT} p agrees with
Eq. lD provided Dyv3 = 0. We can therefore set v3' = 0 and U(‘;‘ = ¢4 in Hyp.
5.2.2 Hamiltonian BRST derivation of the Path Integral

As mentioned in Sec. [5.1.2], the Hamiltonian BRST treatment requires us to extend
the phase space of the previous subsection to include the ghosts C4, the antighosts

C4 and their conjugate momenta (77,4 ,75‘4). The ghost numbers of these fields and
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the canonical relations they satisfy are

[P?(2),Caly)] = —050(x,y) = [Pa(2),C"(y)] .
gh (C*) =1=gh(P"),
gh (P4) = —1=gh(C4) , (5.35)

where all other brackets involving the ghosts and their momenta vanish. Following

Eq. (5.13)), we can construct the following BRST charge for the Yang-Mills field

Onnsr — / av, <QQA(x)CA(x) + %gPA(x)cgccB(x)cC(x) _ m%@ﬁ(@) .

(5.36)
Let us now denote the set of all the fields in the extended phase space by u® =
<af, 74, CA, Pa, Ca, PA, 4, Wﬁ), where o, 3 - - - runs over all the degrees of freedom
(spacetime and internal indices) of the fields. We will denote the BRST transformed
fields by su®, which can be derived from the Poisson bracket [u®, Qprst|p = sp®.
Evaluating the Poisson brackets using a set of smearing functions which are regular

at the horizons, we find the following expressions for su®

salt = D,C* + gCpCPal spt = —iPA,
st = —gCE,CPn% sCy = iwﬁ ,
sPy = —Qoy — gPpCEH,CE, sCA = —%gCﬁCCBCC,
s1h = 0= sPA. (5.37)

These transformations have the same form as the BRST transformations of the Yang-

Mills field on backgrounds without a boundary. We will now proceed to consider

the gauge fixing function for the Yang-Mills field following Eq. (5.19)

- / aV, (iCa(2)x* (z) + Pa(2)d™ (2)) . (5.38)

%
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In flat spacetime, the gauge fixing term x* = 9% + 7T£ is often used to recover the

covariant action of the theory. On the spherically symmetric backgrounds we are

considering, it will be useful to let x involve the term D%(\a)+ %)\W(;‘. Since we are

interested in the effect of horizons, we will also include surface terms at the horizons
a, A

n%?| in the definition of x4, analogous to the horizon contributions present in
H

o4. We thus choose
A = D*(Na?) — na?

a

1
Lt img‘ : (5.39)

The BRST invariant Hamiltonian now follows from Eq. (5.16)), which for the Yang-
Mills field is given by

1 1
Hepp = Hy— [V, Qprst]p = A (§7T,(Z7T;4 + Zfﬁ, fxb) — [V, QBrsr)p - (5.40)

As noted in Eq. , this allows us to further define the BRST invariant effective
action by using the Legendre transform. We will now discuss a brief point on the
Legendre transform which will be relevant in what follows. While the spacetime
covariant measure is AdtdV,, functional derivatives in this thesis were defined with
respect to the covariant measure of the spatial hypersurfaces dV,. This leads to all
non-vanishing momenta resulting from the Lagrangian of a given theory to involve a
factor of A\. Thus no factors of A appear in the definition of the canonical Hamiltonian
of a theory resulting from the Legendre transform, as in Eq. for the Yang-
Mills field for example. However, in considering an effective action resulting from
a BRST invariant Hamiltonian, we are completely free to rescale that part of the
Legendre transform which involve the ghosts and Lagrange multipliers, and their
conjugate momenta. This is due to the fact that these fields have no definition or

normalization which follows from the Lagrangian of a given theory. We accordingly

use this freedom while considering Eq. (5.17) and define
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Seff = / dt / dV, (a;‘ﬁz FATATE 4 CAPL + ATICuPA — eff> . (5.41)

by

We will justify these factors of A by demonstrating that they provide the covariant
action of the gauge fixed Yang-Mills field in this section.

The Poisson bracket [V, Qgrst|p can be evaluated from Eq. (5.38) and Eq. (5.36])

and has the following result

U, Qprsr]p = — (WﬁXA + PPy + ¢ (Qoa + gPpCEACT)
+i (ND"Ca + naCal) (PuC* + gCeCPa) )
(5.42)

Using Eq. (5.42)), we define the path integral as in Eq. (5.18]) which spans over all
field variables pu®

Z = / [Dyi] et
= / [Dp] exp i/dt / dV, {dfﬂj + A_léAﬂﬁ + CAPy + A_15A75A — WﬁXA — iPAP,
P
1 1 _
—A <§7rjgwg‘ +5 faf® +iDCa (DC* + gCheCPal ))
— ¢ (Qaa + gPchAcB)} + / dt f{ da;n.Ca (DL + gCpCPal) |
ox

(5.43)
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We can now integrate out P4, P4 and 7% to find
Z= | [Df [t [avon(Sened — Lpagee oans (3234 - Ao (Aad) — Sat
— [ ey [ A (el - TARE w32 - A D a) -
)

+ / dt / v, A (-x?éA (CA + gogcc%c) + DUCL(DLCA + gCchBag))
)
+ i / dt 74 da, n®ar% + / dt 7{ da;naCa (DoC* + gCpCPal) | |
) )

(5.44)

where only the fields (af,¢A,Wﬁ,@A,CA) are contained in the measure [Dfi]. In

1
Eq. (5.44), the term 56?46:14 follows from Eq. ([5.22)) after integrating out 7%. We can

further re-express Eq. (5.44) in terms of the effective projected Yang-Mills, gauge

fixing and ghost actions in the following way

7= [piesr = [[pgesrssas), (5.45)
where
1 a A 1 A rab
SYM == dt d%)\ §€A€a - Z abJ A 5 (546)
b
. 1
Sep = / dt / dV, A, ()\‘ngA — A'D*(Aaf) — éw;‘) + / dt ]f da, n“aim
by 0%

(5.47)

Sy = i / dt / v, A <A‘25A (CA + gogcc%c) DU (DLCA gcgccBaf))
b

—i / dt 7{ da, n"Ca (DuC* + gCHCPal) (5.48)
ox
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The Schwarz inequality tells us nothing about the surface integrands in Eq. ((5.47)
and Eq. (5.48)), since they are separately not gauge invariant and can have arbitrary

norms. We can only state that Eq. (5.46]), Eq. (5.47) and Eq. (5.48) are collectively
BRST invariant. From Eq. (5.37), the BRST transformations are now

3(1;4 = D,C* + gOﬁCCBaf ) 3¢A =C4+ gcéccB(bC )
_ 1
sCq = iwﬁ , sCA = —5901;100360 )
Sﬂfl =0. (5.49)

If the surface integral in Eq. ((5.47) were absent, we could have performed the inte-
gration over Wﬁ in Eq. 1) to derive the following effective ghost action

U 1 —171ya —2.:4)\?
i :/dt/dv; A5 ()\ 1D (Aa) — A 2¢A) . (5.50)
>

The definitions h2A$! = aZ! and €242 = ¢#, along with the projection operator in

Eq. (5.1)) allow us to further express Eq. (5.50]) as
1
o = / Vi (VaAL) (5.51)

Thus Eq. (5.47) can be considered as the modification of the Lorenz gauge in the

presence of horizons.

5.2.3 Renormalizability of the Yang-Mills field

The Zinn-Justin equation is a condition satisfied by the quantum effective action of
a BRST invariant theory, which has been used to prove the perturbative renormaliz-
ability of nonabelian gauge theories, for example the Yang-Mills field [105,/106] and
the non-Abelian two form [107], in flat spacetime. The purpose of this subsection is

to extend the analysis of [106] to the Yang-Mills field on curved backgrounds with
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horizons. We will specifically be interested in the effect of surface integrals at the

horizons on the renormalizability of the theory.

Let S describe a BRST invariant action involving the fields u®, whose transfor-
mations we denote by su® = F'“. As before, a, 3,--- run over both spacetime and
internal indices. For each of the fields u® we can introduce a set of anti-fields K|,
which have the same Grassmann parity as u® but the opposite ghost number of F'*.
Thus if pu* has parity e(u®) and ghost number gh(u®) = ~®, then gh(K?*) = —y*—1
and €(K,) = ¢(u®). We can now consider the path integral

APNY :/[DMB] exp zs+¢/dt/dv;uaja+z’/dt/dv;FaKa . (5.52)
% %
The terms contained in the parenthesis of Eq. (5.52)) represent the action in the pres-

ence of sources, which is invariant under BRST transformations and the interchange

of the fields and anti-fields.

In this subsection, we will consider variations over the spacetime which preserve
the foliation of the background. We denote these functional variations with respect
to the fields by 0, which satisfies

o ()
S ()
While § (Z, 7') is the delta function defined on 3, 6 (Z,2") §(t, ) is the delta function
defined on M = ¥ x R. Thus for any well defined function f(Z,t) of the spacetime,

— 536 (£, %) 5(1,1'). (5.53)

we have

/ dt / V.5 (7, 7) () f(7. 1) = F(7.1). (5.54)
5
In the case of Grassmannian fields, we will need to consider ‘left’ and ‘right’ varia-

tions as defined in Eq. (2.7), only now with & replaced with 4.

Given the path integral in the presence of sources, we can define the ‘connected

vacuum persistence amplitude’ W[J, K| = —ilnZ[J, K]. The expectation value of
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the fields in the presence of sources (ft) sk can be determined through the following
functional variation

L1 0rZ[J,K]  6prW|[J, K]
ZIJ,K]  6J, 0.

(W) i = (5.55)

Let us now also define J,, r as the value of the current for which (u®);x = gk
is the expectation value resulting from Eq. (5.55). The quantum effective action is

then defined by

Ilp, K] = W[J, Kk, K] —/dt/d‘/}cquJa%K, (5.56)
5

If the action S and the path integral measure appearing in Eq. (5.52)) are both
invariant under the BRST transformations su® = F¢, then the path integral in
Eq. (5.52)) is invariant under the BRST transformations provided

/ dt / AV, (F*), 5LI(;[5’ Kl _y. (5.57)

These are the Slavnov-Taylor identities. For the Maxwell field and other gauge theo-
ries invariant under linear transformations, Eq. is equivalent to the statement
that I'[p, K] is invariant under pu* — p® + €(F'*) x where € is an infinitessimal
parameter. However, the BRST transformations for the fields a2, ¢* and C* are
not linear in the fields. In the case of the Yang-Mills field, we can instead use the
Zinn-Justin equation

(0, T) =0, (5.58)

where the antibracket (F,G) has the following definition for any two functionals F
and GG

5RF ,LL, ]SLG[:U7K] . SRF[:U?K} SLG[:“aK]
#6)= | dt/ v (T Sy TG e ) 6
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The derivation of Eq. (5.58) follows from Eq. (5.56|) and Eq. (5.57)). The variation
of Eq. (5.56)) with respect to K* gives

OrT(p, K| _ 0pW[J, K] / 0 / o, orW[J, K] Or gy i
oK, 0K |, . 6.J3 - 0K,
RJ,B K
/ dt / g JK 5K“
oW [J, K]
e (5.60)
J=Jux

We made use of Eq. (5.55)) in deriving the result of Eq. (5.60). It now follows that

SRW[Ja K] 5RF[Ma ]

- e = .61
0K, = = 5 (5:61)

T=Jux
Eq. (5.57) and Eq. (5.61)) together imply
F r
/dt/dV Onl[u, K]0, 5[“’ Kl _y. (5.62)
e

Since the interchange of fields and anti-fields is a symmetry of the effective action,

this leads to the Zinn-Justin equation given in Eq. (5.58]).

We will now use the Zinn-Justin equation to demonstrate that the quantum effec-
tive action is invariant under renormalized BRST transformations which have the
same form as the classical Yang-Mills action. This will further allow us to determine

the general form of the renormalizable quantum effective action.

Let us define the following actions on the basis of their sources
=5+ /dt/dV,u“Ja, (5.63)

Slu, K| = S|y +/dt/deF‘”Ka. (5.64)
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We assume that S|y, K] can be written as the sum of a renormalized action

Sl K] = Sal, 0] + / it / AV, F (1, 1)K (5.65)

and a term Sy [u, K| containing counterterms intended to cancel loop infinities.
Sgrlw, K] and Se[p, K| must have the same symmetries as S[u, K] to ensure that
infinite contributions to I'[i, K] can be cancelled by counterterms in Sy [u, K]. We

can now expand I'[u, K] in terms of the loop expansion parameter h,
F[:ua K] = Z hN_lFN[H) K] ’ (566)
N=0

where I'o[p, K] = Sg[u, K]. The Zinn-Justin equation can thus be written order-by

order for each N as N

> (T, Ty_nr) =0. (5.67)

N'=0

This expansion includes the counterterms contained in S [p, K| needed to cancel
the sub-divergences at any given loop order N. If at some given N all infinities
appearing up to N — 1 loop order have been cancelled by counterterms in S, then
the only remaining infinities in Eq. come from I'y. In this case, the infinite
part I'y o satisfies

(Sg.Tnoo) = 0. (5.68)

For the Yang-Mills field, it can be shown that I'y o, has a linear dependence on the

anti-fields K, and therefore can be written as

el K = Ducclps 0+ [ dt [ V.5 o)), (5.69)

where .Z [, x] can have an arbitrary dependence on the fields u® and the coordi-
nates. To see this, let us first consider the mass dimension and ghost numbers of

the anti-fields. Denoting the mass dimension and ghost number of all the fields u®
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by d* and y* respectively, the F'* are fields of mass dimension d* + 1 and ghost
number ¥* + 1. Thus the anti-fields K* are of mass dimension 3 — d* and ghost
number —y® — 1. The effective action must have zero mass dimension and ghost
number. From the consideration of mass dimension alone, the Lagrangian of the
quantum effective action can at most be quadratic in K,. We can also note that
apart from the anti-field corresponding to the field C4, which we denote here by Kg,
all other anti-fields have a non-vanishing ghost number. Thus from power-counting
arguments, we see that the quantum effective action could only be quadratic in Kg.
However, from the BRST transformation of C4 and its relation to the symmetries
of the quantum effective action, i.e.

5LFN,OO
SKS

= (FM 15 = sCa = iMT% (5.70)
it follows that I'y  can only depend linearly on Kg. Thus I'y o~ has a linear
dependence on all the anti-fields as indicated in Eq (5.69).

Using Eq. ((5.65) and Eq. (5.69)) in Eq. ((5.68)), we can find the following equations

at zeroth-order and first-order in K¢

/dt/dV |:Fa5LFNoo[:uaO] . 5RSR[M70]35]%:| :O, (571)
o
g < e
/ dt / v, P L FE =0. (5.72)
o O

These equations suggest the following definition of FE\E]) (1]
T8 [1] = Sk, 0] + €y oo 11, 0], (5.73)

where € is an infinitesimal parameter. Eq. 1' now implies that I‘gf,) [1] is invariant

under the following transformation

sap’(z) = FY (), (5.74)

122



5 Hamiltonian BRST treatment of constrained field theories

where

FO2) = FA(2) + eZ4(2) . (5.75)

Eq. tells us that the renormalized transformations in Eq. are nilpotent,
i.e. s% = 0. These nilpotent transformations can be easily shown to be of the same
form as the BRST transformations which leave the tree level action of the theory
invariant. As the BRST transformations for the fields C4 and ﬂﬁ are linear, they

are not affected and we have

srCa = im% srmh = 0. (5.76)

The renormalized transformations of the fields a% , ¢ and C4 must have the same
Lorentz transformation and ghost number properties of the original transformations

FA = sp?. Hence the most general form of Eq. (5.74) can be written as

SRCL;4 = G’gDaCB + gDéCCBaaC ,
sppt = H5CB + gBaCP¢C
1

spCt = —§gE§CCBCC, (5.77)

where G4, H, Dac, Bac and Ef, are as yet undertermined constants. The

requirement of nilpotence, s%u® = 0, leads to the following relation

EpcERg + EpgElr + EgrEge =0, (5.78)
when applied to C4, and
9 (=G3ERG + G&Dpp)CID,.CE — g; (DicEfa + DpeDic — DppDéc) agCtce,

2
g (_HSEEG + HGBB?B)CFCG - % (BchgG + Bpe B — BSFBgC) pccrce,

(5.79)
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when applied to a and ¢ respectively. We see that Eq. is satisfied when
FE#4c is proportional to Ca.. Likewise, Eq is satisfied when Dy, and Bag
are proportional to C4., and when G4 and H# are proportional to d4. This allows
us to write the renormalized transformations in Eq. and Eq. using an

arbitrary multiplicative constant . as
spay = & (DoC* + gCpCPal) | Spp?t = .7 <CA + gCﬁCCB¢C> ,
spCh = -7 <%g0§CchC> . spCa = in%,
srmh =0. (5.80)

Thus by allowing for a general set of transformations of the Yang-Mills and ghost
fields which increase the ghost number and mass dimension by 1, the Zinn-Justin
equation tells us that the renormalized transformations have a similar form as the

BRST transformations which leave the tree level action invariant.

We will now consider a quantum effective action comprising of both volume and

surface integrals, which we denote by

T[] = / dt / AV, L + / dt 7{ da,n"L< (5.81)
b))

o%
where £¢ and n®.ZS correspond to the bulk and horizon Lagrangian densities, re-

spectively.

We will assume L€ involves the free Yang-Mills Lagrangian given in Eq.
with renormalized coefficients. In particular, we do not assume any contribution to
n®Z< from the free Yang-Mills part of the quantum effective action. Let us now
consider terms in the quantum effective action which involve 71'?; and the ghosts,

()

namely the gauge fixing and ghost contributions to I'y/[p]. All terms in £¢ must

have mass dimension 4, while all terms in n*.Z must have mass dimension 3. Any
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term which involves ghosts must also involve an equal number of antighosts to
ensure a zero ghost number contribution in the quantum effective action. It is easy
to verify that the only possible contributions to FS\E,) [1t] which involve the ghosts and
satisfy these requirements are those already contained in Eq. (5.48]), up to arbitrary
constants. We thus assume that £ and n®.Z contain terms present in Eq. ,

with arbitrary constant coefficients whose relations are to be determined.

Finally for the gauge fixing contribution to FSS) [11], we need to consider all possible

terms which include ﬂﬁ, which we recall has mass dimension 2. As in the case of
the ghost contribution, we will assume that the terms contained in Eq. also
appear in I’gf,) [1], but now with arbitrary constant coefficients. There exists only
one other term involving Wﬁ which is allowed on the basis of symmetry and power
counting arguments, but which is not contained in Eq. . This is the term

A (aBa® + ¢P¢“), which we will consider in £° with its own constant coefficient.

Thus £ and n*.Z¢ have the expressions
L5 = Lyar + b el + Aot (Dy (M) = A710a) +iAZe (PuCaDCH = A2CaCa )

_ - 1
+iXdpe (DacAcBaCa - x?cAcBa;C) + 5enemh (aga + 656 |

L =i Z2cCaDCH + il CaCPal + bsmlial (5.82)

a ?

where by, by, b3, Zc and Z¢ are undetermined constants, da. and l4. are totally

antisymmetric constants, and ef. is a constant which is symmetric in B and C.

The variation of Eq. (5.81]) under Eq. ((5.80) is given by
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sl ] = / dt / @V, (Fepoms ((DuC? + gCHLCPaE) ¥ + (CF + gCFLCP67)" )
b
+%g5ﬂ (A1CaCPCP " — N(DCa)CPCEal) (dheChi + dipChe + dsClp)
i (A(DQEA)(D“CB)CC - xléAc'BcC) (Ao — gZeCh)
+7h (WD (ACPag) — £¢ (CP¢%)) (£ 9baChc + dic)
+ 8 (AD“ADQCA - C’A> (Sby + zc))
— / dt f dagn® (%QYC_ACDCE(ZS (18.CE L + 18,08 +15.C8,) + 74D, CA (20 — S bs)
[9)))

+i.7Ca(DaCP)CE (92cChc — lac) + MiCPal (Ihe — ygbgcgc))

(5.83)
It can be observed that Eq. (5.83)) vanishes provided
1 1 -
by= ——Z by = —Z
2 y C ) 3 y C )
dgc = gZCCSC ) lgc = QZCCSO )
epo =0, (5.84)

Denoting the renormalized coefficient in the Yang-Mills action by Z4 and using

Eq. (5.84), we can write Eq. (5.81)) in the following way

. 1 1 AR -
T = / dt / AV, A (ZA (56746;4 - 4 gb) + 7% <§‘j (A 264 — \7IpP ()\abA)) + b17r£>
¥
+iZe (Dac‘A (DuC™ + igCACBaC) — A72C, (c’A + z’gcgcc%c)))

1

+ / dt 7{ da,n* (z’ZCCA (DC* +igCHCPal) + =

ox

chf;ag‘> . (5.85)
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Eq. (5.85), apart from the presence of new constants, simply involve the effective

actions given in Eq. (5.46), Eq. (5.47) and Eq. (5.48). We can freely choose the
new constants such that Ps\e,) = Sk, in which case I'y o, = 0 and hence the theory is
renormalizable. Thus surface integrals at the horizons, specifically those appearing

in Eq. (5.47) and Eq. (5.48)), do not affect the renormalizability of the Yang-Mills

field on curved backgrounds.

5.3 Scalar Electrodynamics on spherically symmetric

backgrounds

Having investigated the Yang-Mills field and its renormalizability on spherically
symmetric backgrounds with horizons in the previous section, we now turn our
attention to the effect of horizons on matter fields coupled to gauge theories. This

will be considered through the example of scalar electrodynamics in the following.

5.3.1 Derivation of the Gauss law constraint

This subsection will follow the treatment provided in Chapter 3. The action for the

complex scalar field minimally coupled to the electromagnetic field is given by
Sepp = — / dVy (D@ (Dy®@)* g™ + m*@®* + LF Flyg™g™) | (5.86)

where dV} is the four-dimensional volume form of the manifold with metric g4, ®
is a complex scalar field, D, = 0, + iqA, is the gauge covariant derivative and
Fu = 0, A, — 0y A, is the electromagnetic field strength tensor. We can now consider
this action on ¥ x R. Using the projection operator in Eq. we have dV, = \dV,.
We will also define the projected fields a, = hbA,, ¢ = %A, eq = —A1EEF,,
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D, = 0, +iqa,, Dy = £ ¢ +iqp and fu = hShiF.q. Time derivatives are defined as
the Lie derivative with respect to %, as defined in Eq. (3.9)). In particular

£5ab = db = —)\eb -+ Db(b, (587)
and likewise for the other fields. By projecting Eq. (5.86]), we find
_ _ 1 1
Sspp = / dt / AV, <>\2D0<I>(D0<I>)* — kD@ (Dy®@*) — m*®0* — 7 e+ 5eaea) :
)

(5.88)
Denoting the momenta conjugate to ay,¢,® and ®* by 7° 7% II and II* respec-

tively, we have

szaLﬂ:_b7 7T¢>:al’ﬂ:0,
Oay, 0¢
L L

= QLsep _ AH(Dy®)* e = OLsen _ A Dy . (5.89)
o Hd

The canonical Hamiltonian can be constructed from the Legendre transform

He = /de (#’ab 4 Id + H*<i>*> s
>

= Hy+ / AV, (7"Dys + iqe (B*IT* — II)) (5.90)
b))

where Hy in Eq. (5.90)) is given by

1 1 _ _

Hy, = /de A (§7Tb71'b + Zfabfab + I II* + m*®®* + D, ® (Dan) ) (5.91)
)

The definition of H, given above will be relevant in considering the BRST treat-

ment of this theory. Following the Dirac-Bergmann algorithm, we add the primary

constraint to the canonical Hamiltonian to define a new Hamiltonian

H=He+ /de vem? (5.92)

P
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where v, is an undetermined multiplier. From Eq. (2.14), we have the following

canonical Poisson brackets of the theory

[o(x), 7 (W)] p = 6(x,9),  law(z), 7 (y)]p = 60(x,y),
[@(2), (y)lp =6(x,y),  [®"(2),IT"(y)]p = 6(x,y). (5.93)

The consistency check of the primary constraint 7% ~ 0, is evaluated through the

Poisson bracket of 7¢ and H with the help of a smearing function e as follows,

[ v - / WVielw) [0 7]

b

/dVe /de 2)Dy¢(x) +igd(x) (P* ()" (z) — (2)1(w)))

P

—— fda, cly)utt(n) + / 0V, €(y) (DY) — iq (& ()T () — S)1)))

%
(5.94)
where n; is the unit spatial normal at the horizons which points in the direction of

increasing time. Since the smearing function ¢ is regular at the horizons, we find

the following modified Gauss law constraint

[ 1V cw(0) =  day nieto)r )~ [ Vi) (DY) — ia (@ ()T () - 20)T)

P ox b

or equivalently

Q, = nbﬂ'b‘ — Dyt + iq (11" — BI1) ~ 0, (5.96)
H

The vertical bar on the first term denotes that its contribution is restricted to the
horizon(s) of the spacetime. Thus, by smearing Eq. (5.96) with a regular function
e and integrating over ¥, we find the expression given in Eq. (5.95)). Including the
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constraint Eq. (5.96)) in the Hamiltonian with its own Lagrange multiplier (vq), we

can write the total Hamiltonian as

Hr = Hy+ /dvx (U¢7'r¢ — (vo(z) + (b(x))'DZcﬂ'b(m) +iq (P(x) (x)* — CI)(:C)H(SL‘)))

+ f dasni(ualz) + 6() 7o)
ox
Hr = Hy+ /de ((v2(z) + ¢(2)) () + vy(z)m?(2)) (5.97)

It is straightforward to verify that €y & 0, which reveals that there are no further
constraints of the theory. Since [7r¢, Qg] p = 0, the constraints are first class and
generate gauge transformations of the fields. These transformations follow from the
Poisson brackets of the fields with the general linear combination of the first class

constraints, e;m% 4 €32,

0p = €1, day, = Dyéz,
0P = —ige,® OIl = iqeoll
0D* = iqey ™, OIT* = —ige, IT* . (5.98)

We can also determine the multipliers from the equations of motion. By considering

(¢, Hr)p we see that vy = ¢. Likewise, we note that [ay, Hr], gives the expression
of Eq. (5.87) provided dyvs = 0. This allows us to set v, = 0 without any loss of
generality.

5.3.2 Hamiltonian BRST derivation of the Path Integral

Following Sec. (5.1.2)), we will now consider the Hamiltonian BRST formalism by

extending the phase space to include additional ghosts and their momenta. In
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addition to the fields considered in the previous section, we introduce the ghost (C)

and antighost (C) and their conjugate momenta (P ,P) which satisfy

[P(x),C(y)], = —d(x,y) = [P(),C(y)]p .

(
gh(P)=-1=gh(C), (5.99)

where all other brackets involving the ghosts vanish and where gh () indicates the
ghost number of the argument. Following Eq. (5.36)), we define the generator of
BRST transformations (Jgrst for scalar electrodynamics in this phase space as
Qurst — / 4V, (C(x) () — iP(2)ms(x)) - (5.100)
%

The BRST transformations of the fields follows from its Poisson bracket with Qggrsr,

where as before the smearing functions are assumed to be regular at the horizon.

We find

say, = DyC, s¢ = —iP,
sC =imy, sP = —Q,,
s® = —iqCP, sIT = igCIT
s®* = iqCP™ sIT* = —iqCIT"
sP=0=sC,
st? =0 = s7°. (5.101)

As in the case of the Yang-Mills field in the previous section, we note that Eq. (5.101])

involves no corrections from the horizons of the background. We now define a gauge

fixing fermion ¥ as in Eq. (5.19)

- / 4V, (iC(x)x(z) + P(2)(x)) - (5.102)

P
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We will now make the following choice for the term x involved in Eq. (5.102))

1
x =D Na,) + é)mqS — nea”

, 5.103
. (5.10)

Apart from the surface term in Eq. (5.103)), this corresponds to the Feynman gauge,
which recovers the action for scalar electrodynamics with the Lorenz gauge fixing
action. The additional surface term in Eq. (5.103)) is allowed on backgrounds with

horizons, whose implications we will now consider. By evaluating the Poisson bracket

[\I/, QBRST]P we find

[V, Qprsr]p = — (w‘ﬁx PP+ ¢ + IND,CDC + iCr,DC

H) . (5.104)
Following Eq. , we can define the BRST invariant effective Hamiltonian
Hepp = Ho — [V, Qprsr]p (5.105)
which further allows us to construct the effective action from the Legendre transform
Sepp = /dt/de (an” + 2767 + ST+ 1" + X'CP + CP — Hepy) |
%

(5.106)
Let pu* = (aa,wa, ¢, m®, @, 11, &* 11*, C, 75,(3,73) span over all the field variables. We
can then define the path integral in the following way

Z = / (D] exp (iSeys)

= / [Du] exp i/dt/dvx (c‘m“ + A r + BT+ O°IT* + A7'CP + CP — ¢y
P

1 1 _ _
— A (§7rb7rb + Zfabf“b + IIITI* + m*®®* + D,® (D*®)" + iD,LDC

- 7T¢X — iPP) —i/dt%dam Cn,DC | ,
ox

(5.107)
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where [Dpu] is the path integral measure. By integrating out the momenta P, P,
II, IT* and 7 in Eq. (5.107)), we find

Z- / Djic] exp / it / av, ( (—e o= L XD (Dy0)" - D, (D70)’
- _ . 1
—m2®d* +iA2CC — macpac) 4 (x% CAD(ay) — §w¢>)
+i / dt 7{ dazn® (r%a, —iCD,C) | , (5.108)
ox
where g = (aa,¢,n¢,q>,q>*,c_, C) in Eq. (5.108). In deriving the expression in
Eq. (5.108)), we made use of Eq. (5.87) and the second line of Eq. (5.89) following

the path integration of 7%, II and II*. We can further express Eq. (5.108]) in the

following way

Z = / [Da, Do DS DO* DC DC] exp (iSspp + iSqn + iSyf) | (5.109)

L 1 1
/ dVy\ (—h“bDatb (Dy®@*) + A 2Do®(Do®)* — m*®P* — I fanf™ + 5eaea) ,
%
. 1
Syp = / dt / dV Am? (/\_QQS— ATIDY(Na,) — 5%) + / dt 7{ da,n"a,m?
P ox

/ dt / dV;C)\ A2CC —Dac’pac) —i / dt 7{ da,n.CD,C.. (5.110)
>

ox

~.

The BRST transformations in Eq. (5.101]) now reduce to

saq, = D,C, s =C,
s® = —igCP, s®* = iqCP™,

sC=0, sC=in?. (5.111)
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5.3.3 Dressed charges from the co-BRST charge

Physical states |®) in the BRST formalism satisfy Qprst|®) = 0. However, due to
the nilpotency of BRST transformations s? = 0, an equivalent class of states satisfies
this condition with respect to the BRST charge. For instance, given any state | P)
which satisfies Qprsr|P) = 0, the state | P) = Qgrsr|T) also satisfies Qgrsr|P) = 0.
If V denotes the inner product space of the theory, it can be subdivided into a direct

sum of singlets and doublets, which are defined as follows

|P> € V is a singlet if QBRST|P> = 0,‘P> 7é QBRST|T> = 0 for any |T> eV
|P),|T) € V is a doublet if | P) = Qprsr|T) # 0.

This decomposition can always be made unique and the physical (singlet) state space

is a representation of the BRST cohomology Ker (Qgrst) /Im (Qprst) (77

The co-BRST charge can also be used to determine gauge invariant charges of the
theory, which will mainly concern us in this subsection. One of the earliest proposals
for a co-BRST charge in the context of the Lagrangian for quantum electrodynamics
was provided in [76]. It was argued that a nilpotent operator Qgrgr (other than
@Brst) Which reduces the ghost number by one and which preserves the gauge fixing
action could be used to resolve singlet states. Physical states now need to satisfy
QprsT|®) = 0 and Qgrer|®) = 0. In the case of scalar electrodynamics in flat

spacetime, the following dressed fields

Dppys = Pexp (zq 2 ) ; Dy = @ exp (—zq w2 ) : (5.112)
satisfy the condition Qprst Pprys = 0 = Qprer Pprys and Qprst o =0 =

QBrsT P pys » while @ and @* do not. In Eq. (5.112)), the index ‘4’ denotes spa-
tial coordinates, while V=2 is the inverse Laplacian of flat spacetime which satisfies

V2V ~2(Z, 1) = §(F—), where §(Z—17) is the Dirac delta function on flat spacetime.
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The dressed fields given in Eq. were first constructed by Dirac as gauge in-
variant variables of quantum electrodynamics (QED) in flat spacetime [108§]. The
application of dressed fields to resolve the infrared problem in QED was initiated
in [68,69] and were later shown to define asymptotic states and eliminate IR diver-
gences in [70,74]. More recently, the dressed fields have been used to provide finite
QED scattering amplitudes on asymptotically flat spacetimes [73].

Within the Hamiltonian BRST formalism, the co-BRST operator can be identified
with the gauge fixing fermion x [77,[78]. We noted in the introduction of this
chapter that regardless of the choice of ¥, we can always derive a Hamiltonian
and Lagrangian invariant under the BRST transformations generated by (pgrsr-
However it is possible to choose ¥ in such a way that it is also a conserved charge
of the theory which generates its own nilpotent transformations. Unlike the BRST
charge operator (Qgrst which follows from a prescribed generalization of the first
class constraints [95], the co-BRST operator is not unique and there may exist

several possible constructions.

Following Eq. (5.16]), we now seek the following Hamiltonian

Hepyp = Hy - [\T%QBRST]P ) (5.113)

where U is a co-BRST charge which generates its own nilpotent transformations
and ﬁg is both BRST and co-BRST invariant. For scalar electrodynamics, we
will assume that Qgrst is as defined in Eq. . To simplify the notation in
the following treatment let us define J° = iq (®*II* — ®II). Then the Gauss law
constraint of scalar electrodynamics in Eq. can be written as

0y — nbﬂb) — Dyt 4 JO. (5.114)
H

The co-BRST operator, just as the dressed charges they help identify, will have a
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non-local contribution. We thus introduce a Green function G(z,y) which satisifes
F(D)G(z,y) = 6(z,y), (5.115)

where F(D) is a differential operator which will be determined. We can now use the

Green function to define P~[0 and U as
~ 1
fo=Ho+ 5 | [ av. [ dv, i) 6la.y) (DL7'0)
b >
- fda, [ avya (@Gl (D)
% >

- / v, 7{ da, (Dyn®(x)) Gz, y)ny7" (y)

by o0x

+%da$j{daynzﬂ“(x)G(x,y)ngﬁb(y) (5.116)

o0x o)

U="+ % /dmp(x) /dV;,G(:rf,y)Qz(y)

dV,P(x)

| —

I

S

|
—

[ v, (D10 w) = 0) Gioy) — § doyitn® ()Gl)
¥ )

(5.117)
We will assume that Hy and ¥ in the above equations are those given in Eq.
and Eq. , respectively. However, we will now consider a gauge fixing function
x which is different from that given in Eq. . We define

1
x =D\ ta,) — §7r¢ — A nga®

y (5.118)

We make this choice as it provides the simplest construction of a co-BRST charge.
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We can see that the terms in the parenthesis in Eq. vanish under the BRST
transformations given in Eq. , since sm* = 0. Thus ffo is BRST invariant
and Eq. defines a BRST invariant effective action. We will now demonstrate
that U can generate its own nilpotent symmetry transformations under which ﬁ]o
and hence H.sy are also invariant. By using Eq. in Eq. , we can de-
termine the transformations generated by U. Let us denote [,uo‘, \Tf} = o+ as the
transformations generated by \T!, where u® = (aa,wa,qb, 7, @11, @*,H*,é,ﬁ,C,P)
represents the set of all fields in the extended phase space. Evaluating the Poisson

brackets of the fields with ¥ we find the following set of transformations
1.
Faa) = [WIDHCE L), §ol) = —5iC),
s
1 = :
() = ~o(a) — [ AV, 30WG ), 5 P) = —ix(a).
D

55 ma(x) = iA"Ha)D*C(x), §tmg(r) = —P(x),

300) =~ [ dV5uPW)R@GEwy), ) = [ dV,5iP)I@G(),

2

0= [ 5P @Gy, S @) =~ [P @),

3

§C(2) =0 =6 P(x). (5.119)

The Poisson bracket with U reduces the ghost number of the field it acts on by 1.
These transformations are nilpotent for all the fields u®, i.e. (6+)2u® = 0, provided
the Green function G(z,y) satisfies

/def(y)Dif (AN (2)DG (2, y)) —j{daxf(y)n%l(ﬁv)DiG(x,y) = f(z), (5.120)

by 1)

where f(x) is any well behaved function on the hypersurface ¥.. We can equivalently
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write Eq. ((5.120]) in the following way

D! (A N (2)DiG(z,y)) — A 'niDEG(z,y) = (., y) . (5.121)

Thus F(D) = D,A'D* —nA\7'D,| in Eq. (5.115)). Tt is straightforward to verify

H
that 6+x = 0, 6 Hy = 0 and 6+ H.s; = 0. Since the transformations generated by

U are nilpotent and preserves the BRST invariant Hamiltonian, U satisfies all the

properties of a co-BRST operator. The dressed charges now take the form

P ppys(r) = () exp z'q/dVZ D: ()\_l(z)aa(z)) G(z,z) — iq]{daz A (2)nZa"(2)G(x, 2) |

2 [2)>

®yys(1) = O () exp —iq/de D; (A '(2)a%(2)) G(z,2) + iq%daz A Hz)nZa(2)G(x, 2)
o ox.
(5.122)

Using Eq. (5.101)) and Eq. (5.119)) on Eq. (5.122)), we note that s®,p,s = 0 = 6+ P,
and likewise for s®;, = =0 = 5L<I>;hys. The surface integrals in Eq. (5.122)) now
account for contributions from the horizons of the spacetime. In particular, the
above expressions for dressed fields generalize Eq. (5.112)) to backgrounds with a
cosmological horizon, such as Schwarzschild-de Sitter. Thus the co-BRST charge

can be used to identify dressed matter fields on non-asymptotically flat backgrounds.

We could have constructed another co-BRST charge using x as given in Eq. .
In any choice of x other than Eq. , this will require a careful inclusion of fac-
tors of A in the definition of Hy and ¥. The differential operator F/(D) in Eq.
would also be modified and additional boundary conditions on G(z,y) would be

needed at the horizons.
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5.4 Covariant effective actions

The effective actions derived using the Hamiltonian BRST approach in the previous
sections can be expressed as spacetime covariant integrals over M. In the case of

the Yang-Mills field, we derived the effective action comprising Sy s, Sgr and Sy

in Eq. (5.46), Eq. (5.47) and Eq. (5.48) respectively. Using Eq. (5.1) in Eq. (5.46)),

we find the usual spacetime covariant action of the Yang-Mills field
1 a A 1 A rab 1 A rhab
) M

Using Eq. (5.1) and Eq. (5.6 in Eq. (5.47) and Eq. (5.48)), we find

Sy =i / dt / v, \ (ﬂc} (CA + gCA.CBeC ) — DUCA(DLCA + gCALCBaC ))
>
—i / dt f{ da, naCa (DoC* + gCHeCPaf)

/ dVy VCa (VuC* + gCHCPAS) —i ¢ dag — k") Ca (VuC* + gCpoCPAS)

f(

ng _ /dt/d‘/x )\ﬂ_ﬁ <)\—2¢A _ 1Da()\a — —7T¢) \/dt%\daxn a 7TA
b

- / vyl (ﬁhvmg‘) da3 (1% — ko) A47% (5.124)

M

\/_

In Eq. (5.124), ?{ refers to surface integrals over the horizons of the spacetime and

das = dtda,.

We can similarly determine the spacetime covariant effective actions of scalar
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electrodynamics. By using Eq. (5.1) and Eq. (5.6 in Eq. (5.110)) we find

_ _ 1 1
Ssep = / dt / dV, A (—h“bDacb (Dy@*) + A 2Dy ®(Dy®)* — m*¢d* — 1 fanf + —6ae“)
b

2
= — / dVy (D @(Dy®) g™ + m*®®* + 1F,, Flag™g™) (5.125)
M
and
: 1
Syp = / dt / dV, A\r? (x% —A'D"(Nay) — §7r¢> + / dt 7{ da, n"a,m®
) ox
1
=— / dVym? (7% + V*A,) + ¢ das 7 (1" — k") A,m?,
M H
Sy =i / dt / av, A (A2CC - D°CD,C) — i / dt 7{ da, 1,CD,C
P ox
_ 1 _
=—i [ dV,V°CV,.C —i ¢ daz—= (1" — k") CV,.C. 5.126
YK s (1= k) (5.126)

M H

The actions considered in Eq. (5.123]), Eq. (5.124]), Eq. (5.125) and Eq. ([5.126|)

could be useful within the Lagrangian BRST formalism. They also make explicit the
fact that for a given gauge theory on a curved background, such as the Yang-Mills
field or scalar electrodynamics, the ghost and gauge fixing covariant actions will
involve surface integrals over the horizons of the background. Such surface integrals

do not arise when the curved background only involves spatial boundaries.

5.5 Discussion

In this chapter, we considered the Hamiltonian BRST formalism for constrained
field theories on spherically symmetric backgrounds with one or more horizons. By

considering the Yang-Mills field and scalar electrodynamics as examples, we first
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5 Hamiltonian BRST treatment of constrained field theories

applied the Dirac-Bergmann formalism to derive the Gauss law constraint which
involves contributions from the horizons of the background. We then extended the
phase space to include the ghosts and their multipliers, needed in order to carry out
the Hamiltonian BRST formalism. The BRST charge is an extension of the first
class constraints of the theory and involves the horizon contribution present in the
Gauss law constraint. In both examples, this led us to consider gauge fixing functions
which include contributions from the horizons. The resulting effective action of the
theory, as a consequence, now involves surface integrals over the horizons in the

ghost and gauge fixing actions.

In the case of the Yang-Mills field, we proceeded to consider the effect of these
surface integrals on the renormalizability of the theory. The Zinn-Justin equation
was used to show that the quantum BRST transformations, which leaves the path
integral in the presence of sources invariant, have the same form as those which
leave the tree level action of the theory invariant. We then considered a quantum
effective action which include bulk and horizon contributions, whose terms were
determined based on symmetries and power counting arguments. We determined
that the surface integrals in the ghost and gauge fixing effective actions, derived in
Eq. and Eq. , do not affect the renormalizability of the theory. Fur-
thermore, we were able to conclude that the bulk and surface actions are in general
separately renormalizable, with the gauge and ghost fields allowed to have an arbi-
trary behaviour at the horizon. We can also note from the quantum effective action
in Eq. and its variation under quantum BRST transformations in Eq.
that we could have involved the lapse function A in such a way that the gauge fixing
action has no surface integral while the ghost action does, and vice versa. These
would constitute special cases that are a consequence of the vanishing lapse function

on the horizon. Our results for the renormalizability of the Yang-Mills field should
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5 Hamiltonian BRST treatment of constrained field theories

be contrasted with results on manifolds with spatial boundaries. On these back-
grounds, the BRST charge operator is unaffected by the presence of boundaries and
as a consequence, fields must be made to satify BRST invariant boundary conditions

to ensure the invariance of the path integral under BRST transformations [109-111].

We also considered the description of dressed charges in the case of scalar elec-
trodynamics on spherically symmetric backgrounds with horizons. This was deter-
mined through the co-BRST charge of the theory, constructed from the gauge fixing
fermion ¥ in the Hamiltonian BRST formalism. When the gauge fixing term y in
U involves additional surface contributions due to the horizons of the spacetime,
as in Eq. , we determined that the dressing of the fields is also modified by
corresponding terms at the horizons of the background as in Eq. .

Our result concerning dressed charges motivates further investigations into the
nature of the electric field and physical propagators of the theory near the horizon.
Such calculations have been well understood in flat spacetime and in addition, play
an important role in determining if the dressings are physically viable [74]. For

instance, the following dressed field in flat spacetime can appear perfectly legitimate

T

Pphys(x) = P(x)exp /dZiAz‘(%;Z) ;
T

where the integral in the exponent is over some path I'. However, this dressing
provides an infinitely excited state, where the electric flux is confined along I". On
the other hand, the field given in Eq. does provide the correct expression
for the electric field of a static charge. With an appropriate dressing identified, the
propagators for dressed fields can be used to investigate infrared properties and soft
limits [75]. In the context of the dressed fields in Eq. (5.122)), the electric field must
be such that it vanishes for an observer on the horizon, consistent with the Gauss

law constraint. These dressed fields will also have an interesting infrared behaviour
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5 Hamiltonian BRST treatment of constrained field theories

and soft limit near the horizons. As noted in the introduction of this thesis, the
dressed charges in Eq. do provide a realization of the soft charges at null
infinity and have soft limits consistent with Weinberg’s soft photon theorem [73].
Similar soft charges have been argued to exist on the horizons of black holes in [67],

but whose construction have not yet been realized.
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6 Summary and future outlook

In this thesis, we considered the constrained dynamics of field theories on curved
backgrounds with horizons. Our Hamiltonian analysis was carried out on foliated
spacetimes, where spatial sections of Killing horizons constituted boundaries of the
spatial hypersurfaces. However, these backgrounds differ from manifolds with spa-
tial boundaries. While gauge parameters can be fixed due to the regularity of fields
at the spatial boundaries of manifolds, such conditions need not be required of fields
on Killing horizons. More specifically, horizons constitute a boundary to the ob-
servations of static or stationary observers of the background and not a physical
boundary of the manifold. We can only require that gauge invariant scalars are
finite on the horizons and need not vanish. Gauge fields on the other hand, some of
which appear as the multipliers of the constraints in the Hamiltonian, can have an
arbitrary behaviour at the horizon. This property was reflected in our derivation of
the constraints using the Dirac-Bergmann formalism, wherein we made no particu-
lar assumptions on the smearing functions at the horizon except that they were well
behaved. This results in the derivation of constraints which involve additional con-
tributions from the horizons of the background. This further affected the charges,

dynamics and quantization of gauge theories on curved backgrounds with horizons.

In Chapter 2, we reviewed the Hamiltonian formulation of field theories on foliated

backgrounds and provided the definitions for a manifestly covariant formalism on
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6 Summary and future outlook

the spatial hypersurfaces. This chapter also reviewed essential elements of the Dirac-
Bergmann formalism for constrained field theories used in this thesis. In Chapter 3,
spherically symmetric backgrounds with horizons were considered, where the spatial
hypersurfaces are orthogonal to the timelike Killing vector field of the background.
As specific examples, we applied the Dirac-Bergmann formalism to the Maxwell
field and Abelian Higgs model. In Chapter 4, we extended the Dirac-Bergmann
formalism to a certain class of axially symmetric backgrounds which admit spatial
hypersurfaces. The spatial hypersurfaces of these backgrounds are orthogonal to
a timelike vector field which is a Killing vector field only on the horizons of the
spacetime and nowhere else. Apart from this subtlety, the Dirac-Bergmann formal-
ism was considered exactly as in the case of spherically symmetric backgrounds. In
all theories considered on both spherically and axially symmetric backgrounds, we
derived a Gauss law constraint which involve additional surface contributions from

the Killing horizons of the background.

We explored specific implications of the horizon corrections to the Gauss law
constraint on the charges, gauge fixing and Dirac brackets of the theory. Ordinarily
in the case of charged black holes, one expects that the electric flux does not vanish
outside and on the event horizon of the black hole. The surface terms at the horizon
in the Gauss law results in an electric flux which is non-vanishing across any surface
outside the horizon of the black hole, but which vanishes exactly across the event
horizon. We argued that a possible explanation of this observation are the presence
of equal and opposite charges on either side of the horizon. This would imply a
screening effect exactly at the horizon which does not, however, affect the electric
flux outside the horizon. The precise implications of the constraint we derived on
the quantum state and the properties of fields at the horizons is a topic for future

investigation.

145



6 Summary and future outlook

The horizon contributions in the Gauss law constraint can also modify known
gauge fixing choices. This was noted in the case of the radiation gauge for the
Maxwell field about the Schwarzschild background in Chapter 3. We first showed
that by not including horizon corrections in the radiation gauge, we can derive Dirac
brackets of the theory which are the covariant generalization of those known in flat
sapcetime. However, by explicitly considering the Green function of the spacetime
Laplacian operator on the Schwarzschild background, we showed that this bracket
reduces to the Poisson bracket when any one of the fields in the bracket is evaluated
at the horizon. We thus also considered a modified radiation gauge which involves
surface contributions from the horizons, analogous to those present in the Gauss law
constraint. This resulted in Dirac brackets which remain distinct from the Poisson
brackets even at the horizon of the Schwarzschild background. The Green function

used to prove this result was derived in the appendix of Chapter 3.

It should be noted however that not all gauge fixing choices must always require
horizon corrections in order to be distinct from Poisson brackets at the horizons. As
shown in the case of the unitary gauge for the Abelian Higgs model in Chapter 3
and the axial gauge for the Maxwell field in Chapter 4, the Dirac brackets in these
gauges remain distinct at all points of the spacetime, including the horizons. In these
gauges, the dependent variables following the gauge fixing do involve corrections at
the horizon due to the modified Gauss law constraint. This involves the fields 7, in
Eq. and ¢ in Eq. .

To further explore the effect of horizons on the quantization of gauge theories,
we considered the Hamiltonian BRST formalism in Chapter 5. We addressed field
theories on spherically symmetric backgrounds with horizons, whose first-class con-
straints satisfy a Lie algebra. As examples, we considered the Yang-Mills field and

scalar electrodynamics. An effective BRST invariant action was derived through a
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6 Summary and future outlook

choice of a gauge fixing fermion ¥ which involves the gauge fixing term x. When x
involved surface contributions from the horizons of the background, we derived an
effective action which involve surface integrals in the ghost and gauge fixing actions.
We used the Zinn-Justin equation to show that quantum BRST transformations of
all theories of the Yang-Mills type have the same form as the classical BRST trans-
formations. By further considering a general form of the quantum effective action,

we showed that the bulk and surface actions are separately renormalizable.

We also considered how the gauge fixing fermion can be chosen to generate its
own nilpotent symmetry transformations, which preserves the gauge fixing term y
and the BRST invariant Hamiltonian. In this case, T provides a representation of a
co-BRST operator. For abelian gauge theories in general, the BRST and co-BRST
operators can be used to identify physical states of the theory and gauge invariant
fields. In the case of scalar electrodynamics in flat spacetime, scalar fields dressed
with the exponential function of the Coulomb gauge term are separately invariant
under BRST and co-BRST transformations. For curved backgrounds with horizons,
the dressing function will involve additional surface contributions from the horizons
due to horizon corrections present in the gauge fixing term. As such, the dressed
charges derived in this thesis provide a generalization of the known dressed charges

of quantum electrodynamics in flat spacetime.

As discussed at the end of the last chapter, the propagators of dressed fields will
allow for an investigation of the soft limits of photons near the horizons of black
holes. However, since the dressing is also non-local, correlation functions involving
dressed fields at and outside the horizon could provide observable signatures for fields
at horizons. The investigation of propagators and correlation functions resulting
from a BRST and co-BRST invariant path integral might thus provide key insights

into the nature of gauge invariant fields at the horizons of the background. While
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6 Summary and future outlook

surface integrals in the gauge fixing action do modify dressed charges and could
affect physical processes at the horizons, surface integrals in the ghost action can
likewise have interesting consequences. We note that ghost fields in BRST invariant
actions help define the partition function of thermal gauge theories, especially within
real time approaches of thermal field theories such as the thermo-field double (TFD)
formalism [112]. Thus surface integrals of the ghosts at the horizon could modify the
known thermal propagators and correlation functions in flat spacetime and provide

corrections near the horizons on black hole backgrounds.

We can also consider gravitational fields perturbatively about fixed backgrounds
with horizons. Unlike gauge theories which were considered in this thesis, grav-
itational field perturbations must preserve the foliation and the horizons of the
background. A particularly interesting avenue for future investigation involve per-
turbations about Kerr backgrounds, which will be relevant for gravitational waves.
Dressed charges in gravity can also be similarly constructed as in abelian gauge
theories [113|. Local field theories do not commute with the generators of diffeo-
morphisms and as such, cannot represent diffeomorphism-invariant observables in an
effective theory of gravity [114]. Non-locally dressed fields on the other hand can be
diffeomorphism-invariant [115]. It will be interesting to explore these constructions

on backgrounds with horizons and their relation to soft graviton theorems.
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